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Tur following Treatiſe was firſt publiſhed 
by Mr. Stupsom in his Select Exerciſes for young 
Proficients in the Mathematicks in the year 1752, 
and is now reprinted, (together with the Chapter 
on Intereſt and Annuities, which forms a part 
of his Algebra, ) with the view of uniting together 
all that the learned author has written on this 
ſubject. Though it contains many problems 
which are ſolved in the foregoing Treatiſe, it 
has been thought beſt not to omit any of them, 
but to refer to the pages in which the correſ- 
ponding problems may be found. This is the 
more neceflary, not only that the work might 
be preſerved entire, but alſo as ſome of the 
ſolutions are derived from. more accurate prin 
ciples, and the rules are illuſtrated by different 
and more general examples. 

The 3d, 4th, and 5th tables in the former 
edition, being the ſame with the two tables in 

pag. 112 and 114, and the iſt table in the 
Doctrine of Annuities, are now omitted, and ſuch 
alterations made in the references as became 
neceſſary in conſequence of thoſe omiſſions. 
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The AUTHOR's ADVERTISEMENT: 


Ty IS Second Part is concerning the Valuation of 
Anmuties and Reverſions, for fingle and joint Lives; 
wherein, befides the neceſſary tables, are given the 
ſolutions of upwards of forty different problems, on 
the moſt important and intricate caſes of the ſubject: 
many of which are quite new, and are, befides, ſuch 
as actually occur in buſineſs, being, moſt of them, 
taken from real caſes, propoſed to the author's con- 
federation, by gentlemen in the law, and others. 
The reader will perceive it was deſigned as ' a 
Supplement to my Doctrine of Annuities and Re- 
verſions, printed in 1742. As to the performance 
ztfelf, I do not in the leaſt d;ubt but that it will 
be depreciated by ſome, on account of the obſervations 
whereon the calculations are grounded. I am ſenſible 
that there neither is, nor can be, a table of obſer- 
vations on the degrees of mortality of mankind, but 
zwhat may be objefted to; and that thoſe perſons who 
make a very deſpicable figure, when they come to 
calculations, ſeldom fail of diſplaying their talents, 
and being illuſtrious here; where, graiifying them- 
fetves in the liberty which the nature of the ſubject 
allows them, they can boldly launch out, without 
haviag to do with ſcience and demonſtration. But, 
though the London Bills of Mortality, whereon I 
build, appear to me to be the beſt foundation, at 
leaſt, for this place; yet I have no inclination to 
enter the lifts with any of theſe gentlemen. The 
examples, given hereafter, are indeed wrought 
according to the London Bills; but the ſolutions 
| themſelves are general, and may be applyed, with 
equal facility and advantage, to any table of Obſer- 
valious. > 
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ne VALUATION of ANNUITIES ond 


REVERSIONS, for ſingle aud js 


LIVES. 


Tax following Tract being deſigned for real 1 % 


and adapted to the underſtanding of ſuch whoſe 
acquiſitions, in the Mathematical way, extend not 
deyond vulgar, or decimal arithmetick ; it therefore 
ſeemed proper to omit the inveſtigation of ſeveral 
particulars therein delivered, depending upon higher 
principles. This, I hope, my mathematical readers 
will have the candour to excuſe; when they conſider 


the importance/of the ſubject to a multitude of perſons, 


who cannot be expected to ſee into the nature and 
uſefulneſs of an algebraical proceſs. Without further 
apology I ſhall therefore proceed now to my purpoſe ; 
which is to exhibit, in a plain, eaſy manner, by means 
of proper tables, the practical ſolutions of the moſt 


uleful and neceſſary problems on the ſubje& ; without 


any intermixture of analytical operations (whereof the 
bare appearance, to thoſe unacquainted therewith, 
would ſeem to caſt a darkneſs over the whole ). How- 
ever, for the ſake of thoſe that are judges, I ſhall, in 
an annexed Scholium, give the reaſons of what is moſt. 
material, and neceſſary to be explained, 
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Shewing the Probability of the Duration of Life, 
From Obſervations on the Bills of Mortality of the 


TABLE VI. 


City of London, 


' Years. 
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TABLE VII. 


Exhibiting the Number of Years of Life, which a 
Perſon, of a given Age, may, upon an Equality 


of Chance, expect to enjoy; according to the. 
aforeſaid Obſervations, | 
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TABLE VIII. 


» Evbibiting the Value of an Annuity for a given 
_ Term of Years, on the Contingeney of its 
ceaſing upon the Extinftion of an aſſigned 


Life. 
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for fingle and faint Lives. 
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TABLE IX. 
Serving as a Supplement to TaBTE VIII. 
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TABLE 


Shewing the V, alue of an Annuity for two joint Lives 
(i. e. for as long as They exiſt together.) 
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for fingle and joint Lives 
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12 Of the Values of Annuities and Rever fions, 
TABLE X. 


Shewing the V. alue of an Annuity for two joint Lives 
(1. e. for as long as They exiſt together.) 
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TABLE XI. 
For the V. alue of an Annuity upon the longeſt of tuo 
given Lives. 
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TABLE XII. 


For finding the Value of an Annuity upon One 
or more Lives, at the Rates of za, 3%, 32, 
42, 4, and 42, per Cent. Intereſt; ſup- 
poſing the Value, at the Rate of 4 per Cent. 
zo be known from the preceding Tables. 
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for fingle and joint Lives. 17 
PROBLEM I. : 
| To find the preſent Value of any Sum of Money, to be re- 
ceived at the End of a given Term of Tears; diſcannting 
at the rate 3, 4, or 5 per Cent. compound Inter gt. 
SQLUTION, 
Find, by Tab. pag. 112, the preſent value of 1J. to be 


received at the end of the given term; which multiply 
by the number of pounds propoſed (cutting off 4 figures 


from the product, on account of the Decimals) then 


the reſult will be the value ſought. 


ExaAMfLE. Let the ſum propoſed be 800/. the 
given term 7 years, and the rate oi intereſt, 4 per 
Cent. Then the anſwer will appear to be . 599 mul- 
tiplied by 800, or 607.9200/. that is, 607/: 18s: 5d, 
nearly. Ng 


83 


PROBLEM II. 


To find the preſent Value of an Annuity, certain, for a 
given Number of Tears; according to any of the Rates 
of Intereſt ſpecified in the preceding eat 


SOLUTION, : 
Seek, in Tab. p. 114. the number of year's-purchaſe 
anſwering to the given term of years; which, mul- 
tiplied by the propoſed annuity, gives the anſwer. 


EXAMPLE. Suppoſe the annuity to be 100/. the 
number of years 7, and the rate of intereſt 4 per Cent. 
Then the value ſought will be 6.002 multiplicd by 100; 
or bool: 45, | | N 


WS PROBLEM 
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PROBLEM II. 


To find (according to Obſervations on the Bills of Mortality 
of the City of London) the Probability, or Proportion 


of Chance, that a Perſon, of a given Age, continues in 
Being a given Number of Years. 


 SoLvuTION. 


Let the given age be 40, and the number of years 
+ Propoſed 15. | 


4 
Look, in Tab. VI. againſt 40 years, and alſo againſt 
55 years, the age to which the perſon muſt arrive, if 
he live to the end of the given term; correſponding 
to which you weill find the numbers 229 and 1 
reſpectively ; ſhewing that, of 229 perſons who attain 
to the age of forty, only 129 reach the age of fifty- 
five: Now the exceſs of 229 above 129 being 100, it 
is evident that the edds, or the ratio of the chances, 
for and againit, ſurviving the propoſed term, will be as 
129 to 100, or as 9g to 7 nearly: and, in the ſame 
manner, the anſwer will be found in any other caſe. _ 


| * » * 
Note. Though this, and the following problem, 
are not immediately concerned about the buſineſs of 
Annuitics, yet they are the foundation whereon the 
whole is grounded; and therefore do not improperly 
fall up the place here allotted them. 
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PROBLEM 
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PROBLEM Iv. 


To find (according to the aforeſaid Obſervations) the Num- 
ber of Years of Life, which a Perſon, of a given Age, 
may, upon an Equality of Chance, expett to enjoy. 


SOLUTION. 


Seck the given age, in Tab. VII. and againſt it you 
will have the anſwer, in years and decimal-parts. | 

Thus it will appear 4 a perſon, 30 years old, 
may, upon an equality of Chance, ct 23.6 years 
more, for his ſhare of life. * : | 


PROBLEM 


PSY ** 
— „* 


\ | p62 


* By the expefation,. or ſhave, of life, is not here to be 
underfiood, that particular period, hich a perſon hath an 
equal chance of ſurviving ; this laſt being a different and more 
fimple conſideration. The expectation of a life (to put it in the 
maſt familiar light) may be taken as the number of years at 
which the purchaſe of an annuity, granted thereon, without 
diſcount of money, ought to be valued. Which number of years 
avill differ more or leſs from the period above mentioned, accord- 
ing to the different degrees of mortality to which the ſeveral 
Hages of life are incident. Thus, it is much more than an equal 
chance (according to the table, of the probability of the duration 
of life, p. 2) that an infant, juft come into the world, arrives 
not to the age of 10 years; yet the expeation, or Share of life, 
due to it, upon an average, is near 20 yeari, The. reaſon of 
awhich auide difference, is, the great exceſs of the probability of 
mortality in the firft tender years of life, above\that reſpecting 
the more mature and ftronger ages — , the numbers that die 
at every age <vere to be the ſame, the two quantities above 
ſpecified would alſo be equal; but when the ſaid numbers become 
continually leſs and leſs, the expeftation muſt, conſequently, be | 
be greater of the two. | 


Da: 
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PROBLEM VJ... 
To find the Value of an Annuity for an aſſigned Life. 


SOLUTION. 


This Problem is reſolved from Tab. T. by looking 
againſt the given age, under the propoſed rate of inte- 
reſt ; correſponding to which you will have the number 
of years-purchaſe required. 


Ex. Let the given age be thirty-ſix, and the rate 
-of intereſt 4 per Cent. and let the propoſed annuity be 

250). Then the value thereof will appear to be 12.1 
years-purchaſe, or r2.t times 250/. . Therefore, mul- 
tiplying 250 by 12,1 (and cutting off one figure, upon 
account of the decimal) the anſwer comes out 3025/. 

After the ſame manner the anſwer will be found in 
any other caſe, falling within the limits of the table. 
But, as there may be occaſion, ſometimes, to know 
the values of lives, computed at higher rates of inte- 
reſt than any there exhibited, the two follovring. 
practical, rules are ſubjoined ; by which the problem 
is reſolved, independent of tables. 5 


RULE I. + 


If the given age is not, Jeſs than 45 years. (nor 
greater than 85),,Jubtrat it from 92; multiply the 
tcmainder by the perpetuity, 1 and divide the product 
by the {a;zd remainder added to 24 times the perpetuity; 
then tlie quetient will be the number of years purchaſe 
required, | N 25 


ExXAMPLE. 
See Prob, 8e. 48. cee Rule 1, pag, 113. 
ü It may, perhaps, be of uſe toe ſome of my readers, 15 be 


informed here, that, by the Perpetuny of an eftate; or Annuity, 
fs underſtood the number of years-purchaſe of the Fee Simple; 
fond by dividing 100 by the rate per Cent. at which intereſt 
*s reckoned, | bs | 


* 
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EXAMPLE. 


Let the given age be 50 years, and the rate of in- 


tereſt 10 per Cent. Then, ſubtracting 50 from 92, 
there remains 42; which, multiplied by 10, the per- 
petility, yo 420; this divided by 67, the remainder 
increaled by 24 times (10) the perpetuity, quotes 6.3 
nearly : Theretore, ſuppoſing the annuity to be 1004 
its value, in preſent money, will be 630!/. 


RULE II. * 
If the given Age is leſs than 45 Years {but not leſs than 10) 


take rs of what it wants of 4.5; which divide by the 


Rate per Cent. increaſed by 1. 2; then, if. the Quotient 
be added to the Value of a Life of 45 Tears, found by 
the preceding Rule, you will have the required Number 
of: Tears- Purchaſe in this Caſe. 


EXAMPLE. 


Let the propoſed age be 20 years, and the rate of | 
intereſt 5 per Cent. Here, taking 20 from 45, there 


remains 25; 1 Whereof is 20; which, divided by 6.2, 
quotes 3.2; and this added to 9.8, the value of a life of 
45 (found by Rule 1.) gives 13.0, for the number of years- 
. purchaſe that a life of twenty ought to be valucd at. 
It will be needleſs, I preſume, to offer any thing 
tarther by way of example to the preceding rules; 
which bring out the concluſions ſo neur the true values, 


computed from rea! obſervations, as ſeldom to differ 


therefrom by more than about re or Ys of a year's- 
purchaſe. (4 | | 115 


The obſervations here underſtood are thoſe whereon 
the foregoing tables are grounded (as the moſt proper 
en this Place), But, if any perſon is de- 
lirous of ſeeing a ſimilar method of ſolutiou accom- 
modated to the Bre//au Obſervations (publiſhed by Dr. 
Halley; in Nd: 196 of the Philoſophical I ON 

5 . Whic 


— 


11 — mm 


* —— * 1 tht „* 1 13 — 
— — —— — 


— a a — 
. 


* Cee Rule 2. pag. 119. 
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which are conſiderably different from thoſe above. 
mentioned, deduced from the Bills of Mortality of the 
City of London) what follows may, perhaps, anſwer 


his expeCtation. The rule is thus, Multiply the differ- 


ence between the given age and 85 years by the perpetuity, 
and divide the produtt by ve of the faid difference increaſed 
by twice the perpetuity; then the quotient will be the anſecer. 
Which, from the age of eight, /to eighty, will for the 


general part, come within leſs than T of a year's- 
purchaſe of the truth. | 


- 


PROBLEM VI. 


To determine the Value of an Annuity, grantcd for a given 


Term of Years, upon the Contingency of its ceafing on 
the Failing of @ propoſed Life, if this ſhould happen 
before the Expiration of the ſaid giuen Term. i 


SOLUTION. 


Find, in Tab. VIII. Column 1. the age of the aſſigned 
life for that neareſt it) and find, in Column 2, the 
propoſed term of years; againſt which laſt you will 
have the anſwer. | 3 | 


ExanPLE I. 


Let the age be 10, the number of years 15, and 
the rate of intereſt 5 per Cent. Then it appears, 
at one view, that the value fought will be 9.4 years 
purchaſe. py ans 


* 


ExAN LE II. 


Suppoſe the given age to be 5 years, the propoſed 


term 16 years, and intereſt as above: In which cale 
it appearing that the value of a term of 15 years is 9.1, 
and that of a term of 20 years, 10.7, it is evident 
that the true anſwer here muſt be about g.5.—But, 
that there may be no difficulty in allowing for the 
odd years (which is harder to do, as the differences 

are 


* % 


a a a —— — i e 1 1 erer 
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are unequal) the table at pag. 6 is annexed, as a 
ſupplement to that preceding it: to comprehend the 
ule of which the difference of the values, anſweri 
to the two neareſt tabular numbers to the given term 
{in Tab. VIII) muſt be taken; which, in this caſe, 
is 1.6: and then, by entering Tab. IX. Column 1. 
with this difference, you will find againſt it, under 
the exceſs (1) of the given term above the next inferior 
tabular number, the value 0.4 to be added to that 
anſwering to the ſaid inferior number in order to 
have the true concluſion. —After the fame manner the 
value correſponding to the ſame age, and a term of 19 
years will be found 10.4 But it may be proper to 
obſerve, that, to avoid trouble, it will be ſufficient, 
in moſt caſes, when the age given cannot be exactly 
found in the table, to take the lar number that 
comes neareſt to it, whether greater or leiler, 


PROBLEM VII. X 


To os the Value of an Annuity, for two aſſigned joint 
ves, that is, for as long as they both continue in Being 
together. | 


SOLUTION. 


Seek, in Tab. X. Column 1. the age of the youngeſt 
life (or that neareſt to it) and find, in Colamn 2, the 
age of the elder 7 againſt which laſt you will have 
the number of years-purchaſe required. 


8 EXAMPLE. 1. de 

Let the two ages be 20, and 35, years, and the 
rate of intereſt 4 per Cent. Then it appears, at. one 
view, chat the value ſought will be 9. 9g. 


Exaniersy. 


** 


—— 


—ä— —— 


* See Prob, , pag. 48. 
| 
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ExamPePLE II. 


Let the propoſed ages be 25, and 37, years, and 
intereſt as before. . 


| Here, if the age of the elder was to be { 6 the va- 
lue ſought would be 245 
Therefore, when the age is 37, it muſt be 9.4. 


EXAMPLE III. 


FSuppoſe the given ages to be 32 and 57, and the 
intereſt of money at 3 per Cent. In this caſe, the 


value correſponding to the ages { * } and $-4 g 
appears to be { 72 Whence that anſwering te the 
given ages 32 and 57, muſt be about 7.5. 

f But, in order to avoid trouble, you may, upon 
occaſion, add a year, or two, to one of the propoſed 
ages, and ſubtract as much from the other, when they 
are nearly equal: but, if one of them much exceeds 


the other, it will then be ſufficient to take the neareſt 
number in the table for the leſſer. 


PROBLEM VIII. * 
To find the Value of an Annuity, for the longeſt of two Liver, 


| that is, for as long as either of them continues in Being. 
* * 


SOLUTION, 


Find, in Tab. XI. Column 1, the age of the youngeſt 
Liſ> (or that neareſt it) and in Column 2, find the age 
| N | . 0 


7—— 


— 


— 
"_ 4 —_— 


| 3 See Prob. 10. pag. 81. | 
Note. The Solutions to the ſeveral Problems inſerted in the 


courſe of this word are, not improperly, divided into mw 
| | different 
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of the elder; againſt which laſt you will have the « 
number of years-purchaſle required. f 


ExamPLE I. 


Let the given ages be 15, and 40, years; and let 
the rate of intereſt be 4 per Cent. They it is apparent 
that the value of an annuity upon the longeſt of two 
ſuch lives will be 17.9, or nearly 18, years-purchaſe. 


EXAMPLE II. 


Let the ages propounded be 25 and 62, and the rate 
of intereſt as before : in which caſe we have 15.5 for 
the value of the annuity. 


PROBLEM IX. ( 


Te find the Value of an Annuity for three joint Lives, 
. | A, B, and Ci : 


SOLUTION, 


I Let A he the youngeſt, and C the oldeſt, of the 
three propoſed lives: take the value of the two 70:nt 
lives B and C {by Tab. X.) and find the age of a 
ſingle life D, of the ſame value {by Tab. I.) then find 


the value of the joint lives A and D; which will be the 
anſwer, | | 


— — 


5 


— „9 


different claſſes: the firfl whereof, hereafter diſtinguiſhed 
thus *, are general, and ſirifly true, according to 25 table 
of obſervations, or probability of life whatſoever : but the 


ſecond ſort, marked thus , are near approximations only, yet 


ſuch as are applicable, likewiſe,' to any table of obſervation. 
T0 See Prob. 11. gag. 54. | 
D Wh” 
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1 . Ex AMpLE I. A 

et the three given ages be 20, and 44 years; 
and let the rate of den be 3 per By Then, the 
value of the two oldeſt joint lives B and C, will be 
found 9.0; anſwering to a ſingle life (D) of 61 years: 
and the value of the joint lives A and D, which is 
7.3 years-purchaſe, will be the value ſought. 


ExameLe II. 


Suppoſe the three ages to be 17, 23 and 38, and the 
rate of intereſt 5 per Cent. Here the value of the joint 
lives B and C, will be 8.5; agreeing with that of a 
ſingle life (D) of 55 years; whence the value ſought, 
or that of the joint lives A and D, is in this caſe 7.0, 

or, juſt 7 years-purchaſe. h 


PROBLEM MK. () 


To find the Value of an Annuity for the longeſt of three 
” Lives, A, B, 22 8 
SOLUTION. 


+ Let A be the youngeſt, and C the oldeſt, of the 
three propoſed lives. Find the value of the joint lives 
B and C {by Tab. X.) and find (by Tab. I.) the age 
of a ſingle life, D, of the ſame value : moreover find 
(by Tab. XI.) the value of the longeſt of the lives A 
and B, alſo that of the longeſt of the lives A and C. 
and likewiſe that of the longeſt of the lives A and D: 
then. the laſt of theſe three values, ſubtracted from the 
ſum of the two former, leaves the value ſought. 


ExAMPLE I. 


Let the three ages be 20, 40 and 66 years, and 
let the rate of intereſt be. 4 per Cent, Then the _— 
| 0 


1 
* 


8 


0 


(*) | See Prob. 12. pag. 57. 
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of the joint lives B and C will be found 5.8; anſwering 
to a ſingle life (D) of 73 years: moreover the value 
of the longeſt of the lives A and B will be 17.2; that 
of the longeſt of the lives A and C 16.0; and that of 
the longef of the lives A and D 15.5. Therefore 
the value ſought is 17.7 years purchaſe. | 


ExXAMPLE II. 


Let the given ages be 1 5. 28, and 37 years, and 
the rate of intereſt as before: Here (proceeding as in 
Prob. 7. Ex. 3.) the value of the two oldeſt joint lives 


will be had 9.2, equal to that of a ſingle life (D) of 


551 years (by Tab. I.) Hence, the three values ſpe- 
cified in the latter part of the rule will, in this caſe, 


be 18.4, 18.0, and 17.4, reſpectively, and conſequently 


the value ſought, juſt, 19 years purchaſe, 


PROBLEM XI. (*) 


To find the Value of an Annuity granted upon three Lives, 
A, B, C, on Condition of its ceaſing as ſoon as any two 
of them become extinet, 


. - 
SOLUTION. 


+ Find /by Tab. X.) the value of each pair of joint 


lives, iz. of A and B, of A. and C, and of B and 


C; then, from the ium of thoſe three values, let 

twice the value of the three joint lives A, B, and C, 

{found by Prob. IX.) be deducted, and the reſidue will 
be the anſwer. 


EXAMPLE 


z 
* 2 2 FER * 3 


—_— — —” 


{®) See Prob, 3. pag, 20 
„ 
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Ly EXAMPLE. 


Suppoſe the given ages of A, B and C to be 20, 35 
and 44 years, reſpectively; and let the rate of intereſt 
by 3 per Cent. W 5 


Here the value of the joint lives 


A and B 10.9 s 
13 and 8 will be { 9.0 . The ſum of which 
Band C 9-0 WRT: 


three numbers is 29-5; moreover the value of the 
three joint lives, A, B and C is, in this caſe, 7.3. 
Sce Prob, q. Ex. 1.) Therefore 14.9 is the value 
tought. | : 


\ 


PROBLEM XII. 


The Value of an Annuity upon one, two, or three Lives, 
at the Rate of 4 per Cent. bemg known (from the' pre- 
ceding Problems) ; to find the Value of the ſame Life, or 


Lives, at the Rate of 35, 31, 32, 44, 42, or 42, per 
Cent. 


N 
SOLUTION. 


+. This problem is ſolved by means of Tab. XII; 
from whence the value that ought toe added to, or 
ſubtracted from, the given value, at the rate of 4 per 
Cent. is had by bare inſpection. 4 

I hus it will appear that an annuity, upon one, or 
more lives, which at the rate of 4 per Cent. is worth 
16 years purchaſe, will, at the rate of 33 per Cent. 
be worth 17 years purchaſe and three tenths, This 
method, thougſi exact only, when applied to a ſingle 
15 is ſufficiently near in the caſe of two, or more, 
Ives. 


Oh 


REMARK 
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REMARK. 8 


As it is cuſtomary for an Aunuitant to receive his 

money half-yearly in equal portions (inſtead of waged 
he hath, in this, a double advantage; for, beſides the 
uſe of each firſt-half-ycarly payment for 6 months, 
he alto hath a chance of receiving one half-years value 
more, than if he was to he paid yearly. Now the 
value of both theſe conſiderations put together (let 
the rate of intereſt and the number of lives on which 
the annuity depends be what they will) will always 
amount to 4 of a year's purchaſe. Therefore 4 of a 

| year's purchaſe muſt be always added to the values 
tound by the foregoing problems, in order to have the 
true anfwer, when the payments are made half-yearly. 
And, if the payments are to be made quarterly, theu 
of a year's purchaſe ought to be added to the. vatus 
tound by the preceding calculations, 
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Or REVERSIONS. 
PROBLEM XIII. 


To find the Value of the Reverſion of an aſſigned Life 
after a given Term of Years. 


SOLUTION. 


\ 


* From the value of the propoſed life, ſubtract the 
value of an annuity for the given term of years, on 
the contingency of its ceaſing upon the extinCtion of 
the aforeſaid life; the remainder will be the anſwer. 


EXAMPLE. 


A, aged 1 5 years, expects to enter upon an eſtate 
of 500l. per Annum, after the expiration of 10 years; 
which he is to hold thenceforward, during life; what 
is the preſent value of his expectation, reckoning in- 
tereſt of money at 4 per Cert. 

Here the anſwer will be 8.3 years purchaſe, or 
41 500. For the value of the whole life A being 15.8 
(by Tab. I.) and that of the firſt 10 years 7.5 (by 
Tab. VIII.) the difference will bs 8.3, as abe 


PROBLEM XIV. 
To find the Value of the Reverſion of an Annuity, fer the 


Remainder of a given Term of Tears, after an aſſigned 


Life. 


Fant 


* From the value of an annuity certain for the 
green term, ſubtract the value of the annuity for the 
aid term, on the contingency of its ceaſing upon the 


failing of the propoſed life; the remainder will be the 
yalue of the reverſion. 


SOLUTION, 


EXAMPLE 


ei mala AN a 4 am. as 
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EXAMPLE. 


A, aged twenty-five, who has the right of an 
annuity for 31 years certain, makes over the reverſion 
thereof to B and his heirs, to enjoy the ſame after his 
deceaſe, for the remainder of the ſaid term. Now, in 
order to find the value of B's expectation, the value 
of an annuity certain, for 31 years, is to be found; 
which, at the rate of 4 per Cent. will be 17.58 (by Tab. 
pag. 114.) Moreover the value of an annuity for the 
fame term, on the contingency of its failing on the 
extinction of A, will appear to be 12.9 (% Tab. VIII.) 
Therefore the value ſought, in this caſe, is 4.68 years 
purchaſe. 


| PROBLEM XV. (*) - 
To find the Value of the Alves foi of one Life after another. 
SOLUTION. 


* From the value of the life in expectation ſubtract 
the value of the two joint lives; the remainder. will 
be the required value of the reverſion, 


EXAMPLE. 


Let the age of the life in poſſeſſion be 55 years, that 


of the life in expectation 20 years, the rate of intereſt 
5 per Cent. and the propoſed annuity ro. Then, by 
ab, X. the value ef the two joint lives will be 6.9; 


which, ſubtracted from 13.0, the value of the life/ in 


expectation found by Tab, I.) leaves 6.1 years pur- 
chaſe, for the value of the reverſion. Which, mul- 
tiplied by the propoſed annuity, gives 6ro/. its value 
in preſent money. a | | 


Note. In the reſolution of the preceding problem, 
the value that ought to be paid for putting in, or join- 
ing, a new life to one already in poſſeſſion, is likewiſe 

„„ ͤ ĩ ĩðùEh AL | determined 


1 —— 


— 
1 
* 


** 


(*) See Prob. 13. pag. 63. 
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determined. Thus, for example, if A and his heirs 
hold an annuity of 100/. upon a ſingle lite, of fifty. 
five, and they would put in another life, of twenty, 
to hold the annuity as long as either of the two lives 
continue in being.; then the ſum which ought to be 


paid, as an equivalent for that conſideration, is 6100. 
the very value above exhibited, | 


PROBLEM XVI. (*) 


* 


To find the Value of the Reverſion of twa Lives afin 


ne. 
SolLurloN. 


* From the value of the three lives fubtract the 
value of the life in poſſeſſion, the remainder will be 
the value of the reverſion. a 


EXAMPLE, 


Let the age of the life in poſſeſſion be 40 years, and 
the ages of the two lives in expectation 20 and 66 
years; and let intereſt be ſuppoſed at 4 per Cent. In 
which caſe, the value of the three lives being 17.) 
(by Prob. 10, Ex. 1.) and that of the life in poſſeſſion 
11.5 (by Tab. I.) the anſwer comes out 6.2 years 
purchaſe ; ſo that, if the annuity was to be 500/. the 
value of the reverſion would be 3xco/. Which ſum 
alſo expreſſes the conſideration that ought to be allowed 
for putting in two lives, of 20 and 66 years, to a lite 
of torty, already in poſſeſſion. | 


\ . 


PROBLEM 


— 1 ww: 4 5 ee af — — 
* . * 


. CC 


— 


c . : 
(*) See Prot, 14. page 66. 
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PROBLEM XVII. (3) 
To find the Value of the Retrſſon of one Life after 


tuo joint Lives, 
Sol Ur ION. 


* From the value of the life in expectation, ſubtract 
the value of the three joint lives, there w.il remain the 
value of the reverſion, | 


EXAMPLE. 


Suppoſe the age of the life in expectation to be 20 
years, and the ages of the two lives in poſſeſſion 35 
and 44 years; and ſuppoſe intereſt of money to be at 
3 per Cent. | pq 

Here the value of the three joint lives will be found 
7.3 (by Prob. 9, Ex. 1.) which being deducted from 
17.2, there reſts 9.9 years purchaſe, for the value of 
the reverſion, - | 


PROBLEM XVIII. (5) 


15 find the Value of the Reverſion F one Life after two. 
SoLUT1ON. | 


From the value of the three lives, ſubtract the 
value of the two lives in poſſeſſion, there will remain 
the value of the reverſion, 


EXAMPLE, 
Let 40 and 66 be the ages of the two lives in 
poſſeſſion, and 20 that of the life in expectation, and 
let the rate of intereſt be 4 per Cent. 
Then, (by Prob. 10, Ex. 1.) the value of the three 
lives will be found 17.7; from which taking 13.0, the 
value of the two lives in poſſeſſion {found by 746 XI.) 


the 


(TJ) See Prod, 16. pag. 68. (FJ) $te Prob. 1. Sars 67. 
| +. 
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the remainder, 4.7, will be the number of years pur- 
chaſe at which the value ſought is to be eſtimated, 


Which, therefore, alſo expreſſes the value that ought 
to be paid for putting in, or joining, a life of 20 years 
to two others of 40 and 66 years. 


PROBLEM XIX. (1) 


To find the V, alue of the Reverſion of two joint Lives 


after one. 


 SoLUTION. 


* From the value of the two. joint lives in expec- 
tation, ſubtract the value of the three joint lives, there 
will reſt the value of the reverſion. | 


EXAMPLE. 


Let the ages of the two lives in expeCtation be 20 
and 44 years, and that of the life in poſſeſſion 35 years; 
and let the rate of intereſt be 3 per Cent. Then, the 
value of the three joint lives being 7.3 (by Prob. 9, 
Ex. 1.) and that of the two joint 5 in expectation 
9.6 (by Tab. X.) the anſwer in this cafe will be 2.3 
years purchaſe, 


PROBLEM XX. 


Q and his Heirs, as ſoon as any two of three given Lives 
A, B, C, become extinct, are to enter upon an Annuity, 
in order to enjoy the ſame, during the Life of the Survivor: 
to determine the preſent Value of the Expettation. 


SOLUTION, 


* To the ſum of the values of all the ſingle lives, 
add three times the value of the three joint lives; and 
from this ſum deduCt twice the ſum of the values of 


each 


— — wud. 


— 


— 


(2) See Prob, 17. . 68. 
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each pair of joint lives (viz. of A and B, A and C, and 
B and C) the remainder will be the anſwer. 


EXAMPLE. 


Let the three given ages be 20, 35, and 44 years, 
and the rate of intereſt 3 per Cent. Then the values of 
the three /ingle lives, by Tab. I. will appear to be 17. a, 
14-1, and 12.5. And, by Prob. IX. Ex. 1, the value 
ot the three Joint lives is found 7.3: the treble of 
which value, added to the ſum of the three former, 
gives 65.7. But the values of the three different pairs 
of joint lives are found, by Tab. X. to be 10.9, 9.6, and 
9-0: the double of all which, taken from 65.7, gives 
6.7 for the number of years purchaſe required. 


PROBLEM XXI. (3) 


A and B enjoy an Annuity, equally, betwixt them; which, 
after the Deceaſe of either of them, is to belong in- 
tirely to the Survivor for Life; to find» the Value of the 
Right of each in that Annuty., 


SOLUTION. 


* From the value of the life A or B, ſubtract half 
the value of the two joint lives; the remainder will be 
the value of the right of A, or B, accordingly. 


EXAMPLE. 


Let the age of A be 25 years, that of B 40 years, 
and the rate of intereſt 5 per Cent. Then the value of 
the two joint lives will be 8.2 {by Tab. X.) whereof the 
half is 4.1; this taken from 12.3, the value cf the life 
A, leaves 8.2 for the expectation of A; but, being 
taken from 10.3, the remainder 6.2 will be the value 
of B's expeCtation. AS 

GY | PROBLEM 


i 


(t) Sce Prob. 18. pag. 69. 
"2 


— 
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PROBLEM XXII. 


given Annuity, after the Deceafs of A, is to be divided 
equally between B and C, during their joint Lives; and 


then is to go entirely to the of} Survivor for Life; it is 
propoſed to find the Value of B's Expectation. 


SOLUTION. 


* From the value of the reverſion of the life B 
after the life A {found by Prob. 15.) ſubtract half the 
value of the reverſion of the joint lives B and C after 


the life A (ound by Prob. 19.) the remainder will be 
the true value of B's expeCtation. 


EXAMPLE, 


Let the given ages of A, B, and C he 35, 20, and 
44 years, reſpeCtively ; and let the rate of intereſt bg 
3 per Cent, Then the value of the life B aftex the 


lite A will appear to be 6.3; moreover the value of 


the joint lives B and C after the life A will come out 


2.3 (Vid. Ex. to Prob. 19.) Therefore the anſwer, in 
this caſe, 1s 5: 15 years-purchale. 


PROBLEM XXIII. (t) 


A, B, and C ſhare an Annuity equally among ft them; 
which, upon the Deceaſe of any one of the three, is to be 
divided equally between the two Suruivers during their 
icint Continuance, and then is to go intirely to the la 


Surviver for Life : to find the Value of the Right of A 
in the ſaid Aunuity. 


SOLUTION. 


From the value of the life A, take half the ſum 
of the values of the joint lives A B, and the joint lives 


" AC; then to the remainder add 3 of the value of the 


three 


— * — 


- 
Ps * 4 


| $) See Prob. 20. Pag. 73. 


w * 
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three joint lives A B C, and the ſum reſulting will be 
the true anſwer. 


ExXAMPLE,. 


Suppoſe the three ages to be 17, 23, and 38 years, 
_ reſpectively, and the rate of intereſt 5 per Cent. 

Here the value of the life A will be 13.5; alſo that 
of the joint lives A and B will be 10.1 (by Prob. 7) 
that of the joint lives A and C, 8.6, and tiat of the 
three joint lives A, B and C, 7.0 (by Prob. 9. Ex. 2.) 
Therefore the anſwer comes out 6. 5 years-purchaſe. 


Of ſucceſſive Lives, aud the Renewing of Leaſes. 
PROBLEM XXIV. (tf) 
SuMpoſing A to enjoy an Annuity for Life, and, at his | 


Deceaſe to have the nomination of a Succeſſor, who is 
likewaſe to enjoy the Annuity for his Life; it is propoſed 
to find the preſent Fame of the two ſucceſſive Lives, 


* Multiply the value of the lite A by the value of 
the lite put in at his deceaſe, and divide the product by 
the perpetuity ; then let the quotient be ſubtracted from 
the tum of the ſaid values, and the remainder will be 
the anſwer, 


EXAMPLE. 


Suppoſe the value of the life A, at 4 per Cent. to be 
12 years-purchaſe, and that he hath the liberty, at 
his deceaſe, to name a life to ſucceed him of the greateſt 
value poſſible; which value, according to Tab. I. is 
16.4, anſwering to an age of 10 years. Therefore, 
in this caſe, the r of the two values will bo 
196.8; which divided by 25, the perpetuity, quotes 
7.872; this, deducted from 28.4, the ſum of the ſaid 
values, leaves 20.528 years-purchaſe for the true value 
of the two ſucceſhve lives. 


PROBLEM 


* 


(1) See Pob. 2 Ge Pag. 87. 
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PROBLEM XXV. 
To find the preſent Value of any Number of Livrs in Succeſſion. 
SOLUTION. 


* Multiply the value of each life (conſidered in- 
dependent of the reſt, without regard to time, or order 
of ſucceſſion) by the rate of intereſt, per Cent. dividing 
the product by 100; ſubtraQt each quotient from unity, 
and multiply all the remainders continually together, 
ſubtracting their product, alſo, from unity; then the 
laſt remainder, multiplied by the perpetuity, will be 
the true value of all the ſucceſſive lives. | 


Otherwiſe, thus, 


* Find, in Tab. pag. 114, the number of years an- 


Twering to the value of each of the given lives; then 
nnd in the ſame Table, the value of an annuity certain 


for the whole of all thoſe years added together ; which. 


value will be the anſwer. 


EXAMPLE. * 


Suppofe the number of lives to be. three ; whereof | 
the values, at 4 per Cent. are 8, 10 and 15 years- 


purchaſe. Theſe being multiplied, each, by 4, and 
the products divided by 100, we have 0.32, 0. 4, and 
o.6 reſpectively : which, ſubtracted ſeverally, from 
unity, leave 0.68, 0.b, and 0.4; whereof the con- 
tinual product is 0.1632; this being alſo taken from 
unity there reſts 0.8468; which, multiplied by 25, 
the perpetuity, gives 20.92 for the true anſwer. 


Otherwiſe, by the ſecond Method. 


ft appears that the number of years correſponding, 


in Tab. pag. 114. ; 
8 2 E Z 9.8 | 5 ; BO a > 
to 510 f 8 = I 70 whereof the ſum is 46.2; 
15) "a (23.4 | 


againſt which we have 20-9, the ſame as before. 22122 
| PROBLEM 


v 


for Angle and joint Lives 39 
PROBLEM XXVI. 


A given Sum of Money, is to be received {as .@ Legacy), 
on the 3 of B, who is now of a given Age: 
what is the Value thereof in preſent Money ? 


SoLVUTIORN. 


Subtract the value of the life B from the per- 
petuity; then it will be, as the perpetuity is to the 
remainder, ſo is the propoſed ſum, to its value in 
preſent money. 8 


\ 


EXAMPLE. 


Let the age of B be 32 years, the rate of intereſt 
4 per Cent. and the given ſum Fol. Then the value 
ot the life B being 12.7, and the perperrmty 25.0, it 
will de, as 25.0: 12.3 : : $004. : 246/. the value 
ſought, | 


PROBLEM XXVII. 


A given Sum is to be received on the Extinction of the firſt, 
ſecond, or third, of three aſſigned Lives; * to find the 
preſent Value of the Expeftation. © 


SOLUTION. 


* Find {by Prob. , 10, or 11) the value of an 
annuity granted upon the aſſigned lives, on condition 
of its ceaſing on the failing of the firſt, ſecond, or 
third of thole lives, according to the cale propoſed ; 

which value ſubtract from the perpetuity, and then 
proceed as in the laſt problem. 


EXAMPLE. 


Let the given ſum be 1000. the rate of intereſt 
3 per Cent, and the ages of the three lives 20, 35 and 
44 years, 88 . | 

Here 


hk 


* 
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Here.the value of an annuity to ceaſe upon failing 


1ſt 8 73 . 9 | 
of the 15 Qi BHS: Bi: ; Which being 
'S (21.3 Pa Clio | 


dJ 
fubtradted, ſeverally, from the perpetuity 33-3, there 
reſts 26.0, 18.4, and 12.0; whence the anſwer comes 
out 780/. 552/. or 360/. according to the three aforeſaid 
cales, reſpectively. 


PROBLEM XXVIII. 2 


A purchaſes a Leaſehold Eftate, upon one, two, or three 
ſigned Lives, for a given Sum, on Condition that his 
ers fill up the Leaſe, continually, whenever all the 
Lives become vacant, paying a ſtated Fine: the Dueſtion 
ts, to find the f + og Value of the whole Purchaſe 
allgwed for the Eftate, with the Annuity, or Rack-rent, 
anſwering thereto ; ſuppofing the Lives put in at each 
Renewal to be of the [ame given Ages, 


6 SOLUTION 


* Find {by Prob. 5, 8, or 10.) the value of the 
life, or lives, firſt propoſed; find allo [by the ſame) 
the value of the life, or lives, with which the leaſe 
is to be conſtantly renewed; ſubtract che former of 
theſe from the perpetuity; then it will be as the latter 
is to the remainder, ſo is the fine propoſed to the 
preſent value of all the fines : which added to the ſum, 
paid at entering, gives the value allowed for the whole 
purchaſe. This being multiplied by the fate of intereſt, 
the product, divided by 100, will be the annuity, or 
rack- rent correſponding. 


EXAMPLE. . 


Let the number of lives be three; whereof the ages 
are 15, 28, and 3) years; let the given ſum be 20000. 
the fine 1000, and the rate of intereſt 4 per Cent. 
Then the value of the three lives will appear to be 19.9 

Jia. 
A 
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(Vid. Ex. 2, Prob. xo), which, ſubtracted from 25. o, 
the perpetuity, leaves 6.0 : therefore, if the value of 
the lives (found in like manner) with which the leaſe 
is to be renewed, be taken at 17. 15 years purchaſe, we 
ſhall have 17.7: 6: : 1000/. Hence the whole 
value e for the 24 is 2339. and the 


annuity correſponding appears to be 7 56“ or 93“. 
115. 2d. 


PROBLEM XXIX (4) 


8 ing A to purchaſe an Eſtate, in Copyhold, upon any 
umber of aſſigned Lives, for a given Sum, on Condition 
that He and his Heirs fill up the Leaſe, continually, 
whenever a Life becomes vacant, by paying a propoſed 
Fine: to find the preſent Value of the whole Fasclaſ⸗ 
allowed for the Eſlatè, with the Aunuity, or Rack-rent 


correſponding; ſuppaſing the Life put in, at cach Renewal, 
to be of the ſame given Value. n 


SOLUTION. 


* Subtract the ſum of the values of all the ſingle 
lives, upon which the leaſe is firſt granted, from the 
perpetuity multiplied by the number of thoſe lives 
then it will be, as the given value of the life to be 
Put in at each. renewal, is to the remainder, found 
above, ſo is the fine propoſed, to the preſent value of 
all the ſums paid, for ever, for renewing ; which, 
added to the value paid at firſt entering, giv es the total 
value of the purchaſe. This being multiplied by the 
rate of intereſt, the product, divided by 100, will give 

the annuity anſwering thereto. , 


EXAMPLE. 


Let the number of lives be three, and their values 
(at 4 per Cent.) 10, 12, and 15 years-purchaſe; allo 
let the + oo en n be 16001. and the pro- 


05 1 % EC poſed 


* +3921 


445 Bee Prob 27. gay, 92. 
F 
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poſed fine 4oo!. and ſuppoſe the purchaſer to have the 
liberty of renewing with lives of what ages he thinks 
proper, or moſt to his own advantage; which ages, 
according to our Table I. appear to be between 

and 12 years; anſwering to 16.4 years-purchaſe, 
Therefore, the ſum of the values of the three firſt 
lives being 37, and the perpetuity 25, we have here 
16.4. : 38: : 400 : 926.8, or 9261. 16s. the preſent 
value of all the ſums paid for renewing. Hence the 
whole value allowed for the purchaſe is 25261. 16s. and 
the correſponding annuity 1011. 18. 5d. 


PROBLEM XXX. 


The ſame being ſuppoſed as in the laſt Problem; to find 
how much the Rent- Roll of the firſt Proprietor's Eſtate 
ought to be encreaſed, on account of the Fines paid at 
Renewing. | 

| SOLUTION, 


* Multiply the preſent value of all the ſums paid 
for renewing {found as in the preceding problem) by the 
rate per Cent. aſſigned; then the product, divided by 
100, will be the anſwer. Which, in the caſe, there 
propoſed, will be found 37/. 15. 5d. 


PROBLEM XXXI. (J) 
| There is an Eſtate, which, if A (who is a Minor) happens 


to die in a given Time, or before he attains to a certain 
given Age (ſuppoſe twenty-one) is, after his Deceaſe, 
to go to B and his Heirs for ever; to find the Value of 
B's Expettation. 0 


SOLUTION. 


„From the perpetuity, ſubtract the value of a life 

of that age'to which the expeCtation of B is limited ; 

multiply the remainder by the preſent value of 1/. 

to be received at the end of the given term {found by 

Tab. pag. 112.) And let this laſt product be, again, 
| | multiplied 


9 


— 


i) See Prob. 23, pag. 82. | 
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multiplied by the number of perſans, in Tab. VI. arriving 
to the age above mentioned, dividing the product thence 
arifing by the number, in the ſame table, anſwering to 
A's preſent age; then to the quotient add the value of 
the life A, and ſubtract the ſum from the perpetuity ; 
the remainder will be the true value required. 


„ EXAMPLE. 


Let the age of A be 8 years, the propoſed eſtate 
5ool. per Annum, and intereſt at 5 per Cent. Here the 
value of a life of twenty-one (the age to which B's 
expectation is limited) being 12.9, and the perpetuity 
20, the difference will be 7.1; which multiplied by 
0.5303, the preſent value of 11. to be received 13 years 
hence (when A arrives to the age of twenty-one) gives 
3-76513, or 3.76, nearly : this being multiplied by 
355, the product, divided by 422, gives 3.16; to this 
adding 14.3, the value of the life A, and deducting 
the ſum from 20, the perpetuity, there reſults 2:54, or 
2 years-purchaſe nearly, for the required value of 

B's expectation. Th 


Of Reverfiont depending upon the Probability of one 


&% 


particular Life, in Poſſeſſion, ſurviving the reſt. 
PROBLEM XXXII. EE: 


B, who is of a given Age, will, if he lives till the Deceaſe 


of A, whoſe Age is alſo given, become poſſeſſed of an 
Low: of a given Value; to find the Worth of his Expec- 
tation in preſent Money. 


| SOLUTION. 
+ Find {by Tab. X.) the value of an annuity on 


two equal joint lives, whereof the common age is equal 

to the age of the older of the two propoſed lives A and 

B; which value ſubtract from the perpetuity, and take 

half the remainder ; then ſay, as the expectation of the 

duration of the younger of the two lives A and B, 

found againſt the age correſponding, in Tab. VII. is to _ 
| i Ts 3 
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of the elder, ſo is the ſaid half-remainder, to a fourth 
proportional ; which will be the number of years-pur- 
chaſe required, when the life B in expeCtation is the 
older of the two. But, if B be the younger, then add 
the value ſo found to that of the joint lives A and B 
(found by Tab. X.) and let the ſum be ſubtracted from 


the perpetuity, and you will alſo haye the anfwer in 
this cale, 


EXAMPLE I. 


Suppoſe the age of A to be thirty, that of B forty, 
the rate of intereſt 4 per Cent. and the given legacy 
5oo0/. or 200l. per Annum. Then the value of two 
equal joint lives of forty being 8.1, and the perpetuity 
25, the, remainder, or difference, will here be 16.9; 
whereof the half is 8.45: therefore it will be, as 
23-0 : 19.6 : : 8.45 : 7.02, years-purchaſe, or 14044. 
the required value of B's expectation, F 


Ex AMpLE II. 


Let the age of A be forty, and that of B thirty, 
and the reſt as in the preceding example. Here the 
value of the joint lives A and B) will be 8.8; which 
added to 7.2 (found above) the ſum will be 15.82; 
whence the anſwer in this caſe, is 9. 18 years-purchale, 
Or 18360. ; 


PROBLEM XXXIII. (3) 


C and his Heirs are entitled to an Eſtate of a given Value, 
upon the Deceaſe of B, provided B ſurvives A: to find 
the Value of their expeAation in preſent Money. 

PF 


0 
SOLUTION. 


+ Find (by Tab. XI.) the value of an annuity upon 
the longeſt of two equal lives, whereof the common 
| 88 


5 — —— 


——ä— 


(1) Sce this problem ſolved in a different manner, in pag. 104 
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| age is that of the older of the lives A and B; which 
value ſubtract from the tuity, and take half the 

' remainder; then it will be, as the expeCtation of 
duration of the younger of the lives A and B {found 2 
Tab. VII.) is to that of the older, ſo is the ſaid half- 
remainder, to the number of years-purchaſe required, 
when the life B zs the older of the two: but if B be the 
younger, then, to the number thus found, . add the yalue 
of an annuity on the longeſt of the lives A and B, and 


ſubtract the ſum from the perpetuity, for the anſwer 
in this caſe. | | 


EXAMPLE. 


Let the age of A be thirty, that of B forty, the 
rate propoſed 4 per Cent. and the given eſtate 200/. per 
nnum. 

Here, the value of the longeſt of two lives, aged 
forty each, will be found 15.0; which taken from 25, 
leaves 10 for the remainder. Therefore, it will be 
23.6: 19.6: : 5 : 4.15, the number of years-purchaſe 
required; anfwering to 830/. 

But if A had been forty and B thirty, the value 
ſought would have been 4.95 x 200, or 990/. Becauſe 
the value of the longeſt of the lives A and B is 15.9 
years-purchale, | © 3 RT 


PROBLEM XXXIV. 
C is to enter upon a given Annuity for life, on the Deceaſe 
7 B, in caſe B ſurvives A: to determine the Value of 
is Expeflation'in preſent Money. | 
SOLUTION. 


F Caſe 12 EF the Life C, in Expectation, be older 
than either of the other two : find, by Prob. 18, the value 
of the reverſion of the life C after the longeſt of the 
lives A and B; one half of which will be the anſwer. 

Caſe 22 If the Life C be younger than one, or both, of 
the other; then find the reverſion of the life C 1 4 
the 


* 


J 
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the longeſt of two equal lives of the ſame age with the 
oldeſt of A or B; which multiply by the expectation 
of duration of the faid oldeſt life [given in Tab. VII.) 
and divide the product by twice that of the younger; 
ſo hall the quotient be the anfwer, in caſe B is older 
than A: but, if B be younger than A, let the ſaid 

ient be ſubtracted from the value of the reverſion 
of the life C after the longeſt of the lives A and B, 
and the remainder will be the anſwer. 


EXAMPLE I. 


Let the age of A be go; that of B, 40; and that of 
C, Fo years; and ſuppoſe the rate of intereſt to be 
3 per Cent. | Fit 

Then, according to Caſe 1, the value of the longeſt: 
of the three lives will be found to be 19.6 (by Prob. 10.) 
From which deducting 18.4 the value of the longeſt of 
the two lives A and B, the remainder 1.2 will be the 
value of the reverſion of the life C after A and B; the 


half of which, or + of a years-purchaſe, is therefore 
the value required. 


- 


[ 


EXAMPLE II. 


Suppoſe the ages of A, B, and C to be 66, 40, and 
20, reſpectively, and the rate of intereſt 4 per Cent. 
| Here, according to Caſe 3, we are firſt to find the 
value of the reverſion of a life of twenty- after the 
longeſt of two equal lives of 66; which {by Prob, 18.) 
will come out 7.0: this being multiplied by 10.1, and 
the product divided by 39.2 (vid. Tab. VII.) there 
reſults 1.8 nearly. W oa as B is here younger than 
A, muſt be ſubtracted from (4.7) the value of the 
reverſion of the life C after the longeſt of the lives A 


and B found by Prob. 18.) whence we get 2.9 for the 
true anſwer in this caſe. IP 


PROBLEM 
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PROBLEM XXXV. 


C is to enter upon a given Annuity, for Life, on the Decea ſe 
of B, provided the Latter is ſurvived by A: to find the 
Value of his Expectation. | 


SOLUTION. 


+ Find, by the laſt Problem, the value of the re- 
verſion of the life C after the life B, on the contingenc 
of B's ſurviving A; which, ſubtract from the abſolute 
value of the reverſion of the life C after the life B 
(fund by Prab. 15.) the remainder will be the anſwer. 


EXAMPLE. 


Let every thing be ſuppoſed as in the ſecond example 
of the laſt problem : then the former of the (above 
mentioned) reverſions will appear to be 2.9: and the 
latter (by taking 9.2, the value of the Joint lives B and 
C, from 14.8, that of the life C) will be found 5.6. 
Therefore 2.7 years-purchaſe is the value ſought, 


PROBLEM XXXVI. (1) 


A and B are poſſeſſed of an Annuity between them: which, 
if B furvives A, Is afterwards to be divided equally 
between B and C, during their joint exiſtence ; and then 
2s to go intirely to the laſt Surviver for Life : to find the 
value of C's Expeclation. | 


I ® 


SOLUTION. 


+ Find, by Prob. 34, the value of the reverſion of 
the life C after the lite B, on the contingency of B's 
lurviving A; to which add half the. value of the 
reverſion of the joint lives B and C after the life A 
(found by Prob. 19.) the ſum will be the value ſought. 


EXAMPLE 


1 2ä„ 


* — — — 


(1) See Prob.” 29. (pag. 105) which is ſolved in 4 


different manner, 
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EXAMPLE. 


Suppoſe the given ages of A, B, and C, to be 66, 
40, and 20 years, reſpectively, and the rate of intereſt 
4 per Cent. | | | 

Then the value of the former of the two reverſions 
above mentioned will be 2.9 years-purchaſe (vid. Ex. 

2, to Prob. 34) and that of the latter (by taking 5.2, 
the value of the joint lives A, B, and C from 9.2, the 
value of the joint lives B and C) will come out 4.0: 
therefore 4.9 years- purchaſe is the required value of C's 


expectation. 


PROBLEM XXXVII 


C engages to pay A @ given Annuity, till ſuch Time (if 
they both live ſo long) as the latter comes to the Poſſeſſion 
of an.eſtate, which he is intitled to on the Deceaſe of B: 
in conf:deration whereof, A, on his Part, obliges himſelf, 
I he lives to enter upon the ſaid Eſiate, to cauſe a given 
| Annuity to be paid back to C for Life (but if either C, 
or A, happens to die before B, then the Money advanced 
by C is to be wholly loſt to his Heir The Dueſtion is, 
to find the Advantage, or Diſadvantage of either Party 
in ſuch a Contract. | 


SOLUTION. 


I Find, by Prob. q, the number of years-purchaſe 
of the three joint lives A, B and C; which rg 
by the annuity that A is to receive, the product will 
be the value of A's whole expectation from C. | 

Find alſo, by Prob. 24, the value of the reverſion of 
the life C after the life | B, on the contingency of B's 
ſurviving A; which ſubtract from the value of the 
reverſion of the life C after the life B (found by Prob. 
1 5.) then the remainder, multiplied by the annuity 
paid back to C, will give the whole of C's expeQtation 
from A: and the difference of the two values thus 
found will conſequently be the anſwer. 


EXAMPLE 
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EXAMPLE. 


A young gentleman*(A) aged twenty-five, having 
greatly dilobliged his father (B) a gentleman of fixty, 
to whom he is ſole heir, is forced to contract with a 
certain perſon (C) aged 35, for an annuity of 200/. 
(in order to a ſupport) which he engages to repay, after 
his father's deceaſe, with another of goo/. to con- 
tinue during the Life of C; according to the conditions 
ſpecified. in the Problem. 

Now we are firſt to find the value of the three joint 
lives; which, at the rate of 4 per Cent. comes out 
5.6 years-purchaſe; and this, multiplyed by 200, 


gives 1120. for the whole value of A's expectation. 


Moreover, the value of the reverſion of the life C 


after the life B, on the contingency of B's ſurviving 


A, will come out one year's-purchaſe, very nearly: 
And the value of the reverſion of the life C after the 
life B (without reſtriction) will. appear to be 5.8 years- 
purchaſe (by Prob. 7). Hence 4.8, multiplyed by 
300, which is 1440/7, will be the total value of C's 
expectation; Who therefore gains 320/. by the 
contract, | n . 


a PROBLEM XXXVIII. 


C, if he lives till the Decca ſe of B, is to receive a given 
Legacy, in caſe A is then extinft; to determine the 


Value of his Eæpectation in preſent Mency, 


SVC 
＋ Caſe 1? V the life C bg the oldeſt of the three: 


From the value of an annuity on the life C, take the 
value of the two Joint lides B and C; multiply the 
remainder by the given ſum, or legacy, and divide 
the product by twice A's expefation of duration (found 
in Tab. VII); the reſult will be the value fought. 

Cale 29 If the life B be the oldeſt of the three: 
Then, from the value of an annuity, for as many 


8 years 


3 
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years of C's life as are expreſſed by the double of B's 
expectation of duration {found by Tab. VII. and VIII.) 
ſubtract the value of the two joint lives B and C; 
multiply the remainder by the given ſum, or legacy, 
and divide the product by twice the expectation of A's 
duration, as in the preceding caſe, | 

Caſe 29? If the life A be the oldeſt of the three: 
then find the value of the life C, if older than B; 
otherwiſe, find {by Tab. VIIE) the value of as many 
years thereof, as are expreſſed by the double of B's 
expectation of duration: And, from the value thus 
found, let the value of the joint lives A and C be ſub- 
tracted; multiply the remainder by the given legacy, 
then the product, divided by twice B's expetation of 
duration, will be the anſwer in this caſe. 


ExameLE I. 


Let the age of C be 15 years, that of B yo, and 
that of A 45; and let the propoſed legacy be 1000 J. 
and the rate of intereſt 3 per Cent. 

This example, it is plain, belongs to cafe 22, 
according to which we muſt firſt find B's expectation of 
duration /by Tah. VII.) which appears to be 8.8, and the 
double of it 17.6: Now (by Tab. VIII.) the value of 
17.6 years of C's life is found 11.9 ; and by Tab. X.) 
the value of the joint lives B and C appears to be 6.0; 
which laſt value, ſubtracted from the former, leaves 
5.9; this myltiplyed by 1000 (the given legacy) 
produces 5900; which being divided by 35.6, the 
double of A's expectation of duration, there reſults 
165 J. for the required value of C's expectation. 


ExAMPLE II. 


Suppofe the age of C to be 15 years, that of B 45, 
and that of Ayo; ſuppoſe allo. the given legacy to 
be 1000 J. and the rate of intereſt 3 per Cent. 

Here, according to caſe 32, we muſt firſt ſeek, in 
Tab. VII. for B's expectation of duration; this appears 

* to 


1 
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to be 17,8, and the double thereof 35.6: Now the 
value of 35.6 years of the life C (by Tab. VIII.) will 
be found 16.7; from which ſubtracting (6.0) the value 
of the joint lives A and C {found by Tab. X.) there 
remains 10.7; this, multiplyed by 1000, gives 10700; 
which, divided by 35.6, quotes 300 /. for the required 
value of C's expectation, in preſent money. 


PROBLEM XXXIX. 


Q, in caſe he lives till Rand S are both extinf, is to 
recerve a Legacy of a given Value; to determine the 
Warth of his Expettation in preſent Money. 


SOLUTION. 


+ Find, by the laſt problem, the expectation of Q- 
on the contingency of R's ſurviving S; and alſo his 
expectation, on the contingency of S's ſurviving R: 
The ſum of which values will, conſequently, be the 
whole of his expectation in the preſent caſe. 


EXAMPLE. 


Let the age of Q be 15 years, that of R 45 years, 
and that of 8 70; alſo ſuppoſe the given legacy to be 
1000/7. and the rate of intereſt 3 per Cent. | 

Here the firſt part of Q's expectation, depending 0 
R's ſurviving 8, appears, from Ex. 2. of the preceding 
Problem (by fubſtituting Q for C, R for B, and S for A) 
to be 300/. 1 
And the latter part of his expectation, depending on 
S's ſurviving R, appears, from Ex. 1 (by ſubſtituting 

Q for C, S for B, and R for A) to be x65/. There- 
fore the anſwer is 465 J. | 


G2 *' PROBLEM 
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PROBLEM XI. 


\ 

Q and R, if they live till the Deceaſe of 8, are to 
| receive, each of Them a given Legacy; but, in Caſe 
A. one of Them dies before Him, then the Mhole is to. go 

to the Survivor: To determine the Value of Q's 
Expettaiion. 


SOLUTION. 


+ Find, by Prob. 32, the value of Q's expectation 
on the Sum aſſigned to himſelf, (depending on the 
chance of his ſurviving 8, without further reſtriction) : 
Then find, by Prob. 38, the remaining part of his 
expectation, on the ſum aſſigned to R (depending 
on the contingency of S's ſurviving | R:) The fum 
of the two values ſo found will conſequently be the 
anſwer. 


EXAMPLE. 


| Suppoſe Q to be 15 years of age, R 45, and $70; 
| ſuppoſe alſo the legacy of Q to be 600 1. That of R 
/ 1000 J. and the rate of intereſt 3 per Cent. 3 

In the firſt place we are to find the preſent value of 
600 /. {or an annuity of 18 J.) to be received (or entered 
Upon) by Q, at the Deceaſe of 8: Which value 
comes out 23.37 years-purchaſe, or 420 J. Moreover, 
7 Ex. 1, to Prob. 38, the latter part of Q's expectation, 
epending upon the chance of his receiving the 
1000 J. aſſigned to B, will appear to be 165 J. So 

that the whole is 585 J. | 5M 


PROBLEM 
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PROBLEM XLI. 


Q. R, and 8 ſhare an Annuity equally among them; which, 
upon the Deceaſe 75 any one of the three, is to be divided 
equally between the two Survivors during their gant 
Continuance ; and then is to go intirely to the laſt Survivor 
and his Heirs for ever: to determine the Value of the 
Right Qin the ſaid Annuity. 


SOLUTION. 


+ Firſt find, by Prob. 39, that part of Q's expecta- 
tion which depends on his becoming poſſeſſed of the 
whole annuity, on being the laſt ſurvivor: to which 
value add half the ſum of the values of the joint lives 
QR, and Qs; and from the aggregate let 5 of the 
value of the three joint lives QR $ be ſubtracted ; the 
remainder will be the yalue ſought. 


EXAMPLE. 


Suppoſe Q to be 15 years of age, R 45, and S 70; 
| ſuppoſe moreover the annuity to be 300. and the 
rate of intereſt 3 per Cent. according to which the 
value of the perpetuity is 10000]. Whence, by the 
example to the problem above quoted, the former part 
of Q's expectation will appear to be 4650/. We are 
next to find the values of the joint lives QR, and 3 
Qs; theſe, by Tab. X. appear to be 9.6, and 6. o, | 
years-purchaſe, reſpeCtively : whereof the half ſum is | 
7.8 years-purchaſe, or 2340/. Moreover, by Prob. 9, | 
the value of the three joint lives QR 8, will be found | 
5.2 years-purchaſe, or 1560/. and 5 thereof 1040/. 
And fo, by adding together 4650 and 2340, and taking 
1040 from the ſum, the anſwer comes out 5950/. 


SCHOLIUM 
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SCHOLIUM. 


IT herein the Reaſons of what is moſt material and difficult 
in the preceding Solutions, are explamed. 


The ſolutions to the ſeveral problems propoſed in the 
foregoing pages being delivered in a practical manner, 
without their inveſtigation (in order to render the 
work as uſeful as poſſible, and acceptable to thoſe, 
to whom the ſight of an algebraical proceſs would, 

at beſt, afford no ſatisfactory, or pleaſing idea) and 
there being, in the number of the ſaid ſolutions, ſome 
few that even the mathematical reader (whom I ſhould 
be loth to leave diſſatisfied) may not readily ſee into 
the reaſons of; I ſhall here, according to my promiſe, 
put down the invention of what ſeems moſt materia], 
and neceffary to be explained. It is not indeed my 
deſign to inſiſt, in this place, on the firſt principles, of 
the laws of chance, and the general methods of com- 
putation whereon the ſubject is grounded; but, to 
fuch as want information therein, ſhall take the liberty 
to recommend my Doftrine of Annuities, printed in 
1742. Nevertheleſs, as the merit of a work of this 
nature, when applied to the common uſes of life, 
confi in its conformity with truth and real obſer- 
vations it is but reaſonable that, for the general 
ſatisfaction of thoſe into whoſe hands this Tratt may 
happen to fall, ſomething ſhould be, firſt of all, ſaid 
relative to the obſervations whereon the foregoing 
tables have their foundation. _ 1 | 

The firſt of theſe tables (ſhewing the probability of 
the duration of life) on which the reſt depend, was 
computed from 10 years obſervations on the Bills of 
Mortality of the City of London; and is the very fam 
in effect, with that printed in my Book of Annuities 
above mentioned ; though adapted. to a different radix. 
Both theſe tables agree with that firſt of all publiſhed 
by Mr. Smart, whom I have followed, except in very 

low ages; where it ſeemed neceſſary to make ſome 

; | alterations. 


w 
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alterations. I am ſenſible, indeed, that theſe alterations 
have been condemned, as arbitrary and without foun- 
dation: but that ſome ſuch allowance ought to be 
made, on account of the great and unequal aflux of 
people, of different ages, to town, is, I think, ſuffici- 
ently evident from the following reaſons. 1 

Firſt, it is to be obſerved, agreeable to what T have 
elſewhere advanced, that the ſaid continual reſort of 
ſtrangers to town would no way influence the values 
of anmnuities deduced from obſervations on the Bills of 
Mortality, if thoſe arriving and ſettling here, at the 
ſeveral different ages of lite, were to be in the ſame 
proportion as the whole number of the living of the 
ſame ages; ſince it is not on the greatnels of the 
numbers that die at each particular age, but on their 
ratio that the whole of the buſineſs depends. 

To render this as obvious as may be, by a familiar 
example; ſuppoſe A and B to be two equal cities, 
with regard to the number of their inhabitants, and 
let half the inhabitants of the former who are above 
the age of twenty, be ſuppoſed to remove to the 
latter; then it is plain that the Bills of Mortality of 
B, for all ages ahove twenty, will be immediately in- 
creaſed by one half; and fo the ſame proportion ſtill 
preſerved :. for the equimultiples of quantities are to 
one another as the quantities themſelves. f 

But, with reſpect to ages below twenty, the Bills 
ſtill continuing the ſame, the numbers here cannot be 
compared with thoſe above, in order to obtain the 
true ratio of the probabilities of mortality at the- 
different ages of life; ſecing theſe laſt are too little by 
one half. | 

It is evident from hence, that, if there be any part 
of life wherein the number of thoſe that remove to 
town falls ſhort of the proportion above ſpecified, the 
Bills of Mortality, for that interval, will not truly 
exhibit the probability of mortality without ſome allow- 
ance: or correction. 

Now it is certain, from manifold experience, that 
very few perſons come to live in town under the age 


of 


” — 
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of fifteen, in compariſon of the numbers that arrive 
there, between the ages of fiften and thirty; though 
the number of all the living comprehended in the former 
period is much greater than that in the latter. | 
Add to this, that the bills of mortality, wit 
re ſpect to ſmall ages, are alſo lower than they would 
otherwiſe be, on account of a great number of youth, 

of the better ſort, who are ſent into the count 
for the benefit of air and education. Theſe, at their 
return, together with the arrival of a multitude of 
working people (who, after having ſerved an ap- 
prenticeſhip in the country, are willing to learn 
experience, and try their fortune in town] very much 
increaſe the body of inhabitants: And it 1s chiefly 
to this conſideration that the great / increaſe in the 
bills of mortality after the age of twenty, like a 
rivulet ſwoln by a ſudden rain, is to be aſcribed: For 
I dare affirm, that there is nothing in man's conſtitution 
whereby ſo great a diſproportion during ſo {ſhort an 
enn can be, phyſically, accounted for: Nor does it 
ſeem, in the leaſt, reaſonable to ſuppoſe that a perſon, 
of twenty-five years of age, has more than 4 times 
a greater chance to die within the compaſs of a year, 
than one of fifteen ; - and yet this is the caſe accordin 
to the table, J have been condemned for altering 
As to the reaſon of my beginning the table with the 
number 1280 (inſtead of 1000) it was with no other 
intent than to avoid trouble in making, what I judged, 
the neceſſary alterations. Nor does it at all ſignify what 
number is made the radix- of a table of this kind, 
provided the ſame proportions are preſerved throughout. 
However, in conformity to cuſtom, I have here been 
* the pains to reduce the ſaid table to the common 
ix. 6 | 15 5 50 10 20% fon 
Amongſt thoſe who have been ſevere on the above 
alterations, there is a certain foreign gentleman, 
Ar. Parcieus, Member of the Royal Academy of 
Sciences at Paris, whom I muſt not paſs by without 
a more particular notice. This gentleman, in a book 
| intitled 


8 
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intitled Eſai ſur les Probabilities de la vie humaine, (as 
appears by an account given of it in the Memoirs of 
the faid Academy, 1746) accuſes me of having aſſigned 
much too great a probability of mortality to the youngeſt ages; 
and further afhrms that %s error (for ſuch he calls it) 
ariſes from omitting” to include, in the account, thoſe 
per ſons who, having eſcaped the weakneſs of infancy, 
go out of the bills of mortality and die elſewhere. | 
Whether, or no, che fact be as it is here repreſented, 
this writer does not appear to be a ſufficient judge : he 
does not ſeem to be apprized, that there is not, perhaps, 
a city in the world ſo fatal to the infant ſtate as the city 
of London (owing, too much, to the intemperance of 
parents and a profuſe irregular manner of living), 
Beſides, were the bills of mortality of a place to be ever 
ſo regular and well kept, it ought to be remembered 
that there can be no arriving at an abſolute certainty 
in matters of this nature. Now, were it for theſe 
realons' alone, I could not help looking upon this 
gentleman's aſſertions (to view them in the molt favour- 
able light) as a little too peremptory ; eſpecially where 
he tells the world that, I was not aware, that, by avoiding 
Sir W. Petty's fault, I myſelf fell into the contrary miſtake. 
1 declare, [ am not conſcious ct any fuch miſtake; 
nay I can poſitively affirm, that the reaſon he aſſigns 
for it is altogether chimerical: Nor is there any thing 
. I have ſaid in my preface, or elſewhere, that can juſtify 
ſuch a conſtruction. But, what need have I to intitt 
upon this! every body here knows that the number 
of thoſe who are born in town and die elſewhere, is 
inconſiderable in com pariſon of the number of thoſe 
who, on the contrary, leave the country and die in 
town: So that, had they been a#zally. diſregarded, 
no ſuch error as he ſpeaks of could poſſibly have ariſen 
from thence. Went 
The ſeventh table, in this work, ſewing the number 
of years' that a perſon of any age, may, upon an equality 
4 chance, expect to enjoy, is deduced from the firſt; 
y a method of computation no way different mow 
| that, 


* 


58 Of the Values of Annuities and Reverſns, 


that, for finding the value of an annuity upon a ſingle 
life, when money is ſuppoſed to bear no intereſt; 
only the value of one half-year extraordinary is to 
be added here; becauſe an Annuitant, who receives 
his money yearly, has aun equal chance of living half 
a year after the time of the laſt payment, 

As to the manner of computing the tables for the 
values of ſingle and joint lives; this I have ſhewn 
(with proper expedients to facilitat tthe trouble of ſuch 
a work) in my Book of Annuities aforeſaid, to which 
I muſt beg leave to refer —The firſt eight problems, 
relating only to the uſe of theſe tables, need no other 
explanation than is already given them. 


The gth problem, determining the value of three joint 
lives, is the firſt that ſeems neceſſary to be taken notice 
of here: whereof the ſolution is not, indeed, ſtrictly 
conformable to the table of obſeryacion, being only an 
approximation, but ſuch an one as anſwers very near 
the truth; and which may be applyed with advantage 
to almoſt any. hypotheſis or table of obſervations. 
The reaſonableneſs of the method of proceeding is 
evident from the nature of the ſubject, without callin 
in the aſſiſtance of any kind of Computation. And | 
in a number of examples reſpecting lives of different 
ages, I ſcarce ever found the error to exceed + of 
an years-purchaſe. 


The ſolution to our foth problem, fer determining 
the value of the tongeſt of three lives, is equally exact, 
and built upon the fame foundation with the preceding 
one. For, the value of the longeſt of three lives being 
truly and univerſally expreſſed by .A +B + 3 
(AB) (AC) - (BC) T (ABC); (where (AB), (AC), and 
(BC) denote the values of each pair of joint lives, &c. 
Fit. Datt. Anu. p. 23) ; it follows that the ſaid value, if 
(according to Prob. g) a ſingle life D be taken equal 
in yalue to the two Joint lives (BC,) will alſo be ex- 

_ prefled by ATB THC (AB). — (AC) —-D +(AD) 
or 
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or by its equal A+B—(AB)+A+C- (AC) 
A+D=—(AD): but ATB — (Ab) is the value 
of the longeſt of the two lives A and B, and 


A+C-—(AC), that of the longeſt of the lives A 
and C, Sc. Whence the whole is manifeſt. 

The ſolution to the next problem, and thoſe that- 
follow afterwards on reverſions and ſucceſſive lives, 
are either ſuch as are evident from plain reaſoning, 
excluſive of mathematical principles, or ſuch whole 
demonſtration I have already given elſewhere : for 
which reaſons it ſeems needleis to ſay any thing 
further about them in this place. 

But in thoſe kind of reverſions conſidered in the 
thirty-ſecond and the following problems, depending 
upon the probability of one particular life, in poſſeſſion, 
ſurviving the reſt, the reader muſt, I apprehend, have 
met with ſome difficulty, the rules there laid down 
being derived by virtue of a certain hypotheſis ; 
which, however, anſwers very near the truth. 
In this hypotheſis the numbers of the living at 

each ſeveral age, differing by an equal interval of 
one year, are ſuppoſed to form an arithmetical pro- 
greſſion (or a ſeries whoſe terms decreaſe continually 
by a common difference). This aſſumption was firit 
adopted by Mr. De Moivre, and applied by him to 
good purpoſe in calculating the values of lives ac- 
cording to the Breſlaw oblervations {mentioned in p. 
21), with which it, -indeed, much better agrecs than 
with thoſe deduced from the Bills of Mortality of the 
City of London. | 

But, though the hypotheſis aforeſaid cannot be ap- 
plied with equal advantage here, without ſome farther 
conſideration, ſeeing the differences of the numbers 
in Tab. VI, are far from being the fame throughout; 
yet, by taking the mean of the ſaid differences, the 
value of a yea! life may be converted into that 
of an equal imaginary one, conformable to the ſaid 


hy potheſis. 
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This is actually done in Tab. VII. in which you have 
the number of years that a perſon of any age may, 
upon an equality of chance, be expected to enjoy: 
the double whereof is the complement of an equal imagi- 
ary life, according to the ſaid hypotheſis ; where, by 
the complement, is to be underſtood the number of years 
that eh a life has a chance of continuing in being. 

Thus it will appear, that the value of a real life of 
fifty, is equel to that of an imaginary one whoſe 
complement is 32 years. This indeed is exact only 
when money is. ſuppoſed to bear no intereſt ; in all 
other cafes, the latter-is only an aproximation, but 
ſo near as to come within a ſufficient degree of exact- 
neſs, as will be ſeen from the annexed table, wherein 
are exhibited the values of annuities for every tenth 
year of life, both according to real obſervation, and 


to the ſaid hypotheſis. 


6 Va ue Value Value Valuc j Value | Value 

© at fe Jul & per at 4 per at 4 perſat 3 perjat 3 per 
9 < Cent Cent. Cent. | Cent. Cent. Cent. 
by Ovi.|-yHyp.\by Obſ. by Hyp.||by Obſ. by Hyp.] 


{ 


10 14.3 14.2 | 16.4 | 16.3 || 19.0 | 19-1 
20] 13-C | 3.1 14.8 15.0 17.2 | 17.2 
3o| 11.6 | il.g | 13.1 | 13.4 | 15-0 | 15.1 
142] :0.3 | 10 7 11.5 11.9 [13.2 | 13.4 | 
Joc}. 7-4 | 81 | 8.4 | 8.6 9.29.4 
e] 6.2 | 6.3 | 6.5 6.6 [ 6.9 [ 7-1 


— 


4 3 * - 


— 


By inſpecting of which table it will appear that the 
error ſeldom exceeds d part of the whole value, and 
is the leaſt of all, where the intereſt of money /1s 
lowett, agreeable to what was before intimated. - 

But before I proceed to the uſe of the foregoing 
hypotheſis in the reſolution of the ſeveral problems 

| above 
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above mentioned, I ſhall put down the inveſtigation of 
a known theorem, for finding the value of any pro- 
poſed life, according to the ſaid hypotheſis : which 
(being done without the ſummation of ſeries) may 
perhaps appear more obvious than that delivered, at 
P. I5, of my former Tract. ; 
Let, therefore, @ be taken to denote the complement 
of the propoſed life A {as above defined) alſo let P de- 
note the value of the perpetuity, ande the amount 
of 1/. in one year: and, in order to render the opera- 
tion as eaſy as may be, ſuppoſe another perſon (Q) 
and his heirs to be intitled to the reverſion of the 
annuity for ever after the demiſe of A: then, if 
the value of the ſaid reverſion be computed, and ſub- 
tracted from the perpetuity, the remainder will evi- 
dently be the required value of the life A. But to 
find the true value of this reverſion, we mult determine 
the ſeveral parts thereof, which depend on the con- 
tingency of A's becoming extinct in the firſt, ſecond, 
third, and each ſucceeding year. 
Thus, if the life A fails in the firſt year, whereof the 


probability {according to the hypotheſis) is —, then, as Q 
a 


and his heirs become poſſefled of the whole eſtate, or 
perpetuity (without any deductidn) it is plain that the 
true value of their expectation, , on the contingency of 


A's becoming extinct the firſt year, will be *. 
Again, if the life A fails the ſecond year, whereof 
the probability is alfo - the value of Q's expec- 
| a 


tation will he the value of the perpetuity diſcounted 


for one year: and ſo the expectation on this event is 
115 | : 


— Nt —. | 
a * | 
And in the ſame manner it will appear, that the 
expectation on the contingency of A's dying in the 


34, 4th, '5th, Sc. year, will be repreſented by _ 
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Ho 3 2 Oc. reſpectively; and conſe- 
a a 


* | 
quently, that the ſum of all theſe, or its equal 


#2": ; p41 $242 I 


total value of the reverſion. But the ſeries —_—+— 
| r r 


$=——— +— is known to expreſs the value of an 
* r . 


annuity certain for @ years: which let be denoted 
by NA; then the value of the reverſion being = 
— 5 * ( becauſe P ) the value of 


4 a 2 | 

the propoſed life A, in poſſeſſion, will conſequently be 
_P+ixM 

22 7 8 | V F. I. 


T come now to the 1 of the ſolutions of 
the thirty- ſecond, and the ſucceeding problems. 


In order to which let @ and ù be taken to repreſent 
the complements of two imaginary lives, of the fame 

values with the two real ones A and B Vid. Preb. 32.) 
Moreover, let & denote the given ſum, or legacy, to 
be received on the deceaſe of A, if B be then living; 
and let A repreſent the propoſed rate, or 1 J. increafed 
by its intereſt for one year. | 5 975 | 

Now, to obtain an anſwer to the ſaid Problem, we 
muſt find the value of B's expectation on each par- 
ticular year, according to the probability he has of 
receiving the Legacy CS) at the end of that year: and 
each of theſe values muſt be again conſidered in two 
parts, according to.the chance of both the lives failing, 
or not failing, within the compaſs: of the ſame year. 

The probability that both A and B are ern at the 


end of the firſt year being _ X 25 the expectation 


thereon 


% G 
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thereon would be 72 ( * = ) was it a 


certainty that A would drop firſt; but as there is 
an equal chance for the contrary (under the above 
reſtrictions,) the true expectation can therefore be only 

8 
2abr | 
chance of both the lives failing in the 2d, 3d, 4th, &c. 

F | 

2abr** 2abr3* 2ahr* e ARA the 
8 I I gs Fa 
ſum of all theſe 5 x —+—+I+I+ kr. 
will conſequently be the whole of B's expectation, on 
the contingency of both the lives dropping in one and 
the ſame year: where the ſeries is to be continued 
to as many terms as are expreſſed by the Camplemem 
4 of the oldeſt life. 

But now, with regard to the other part of B's 
expectation, depending on the ꝓrobability of his ſur- 
viving the year wherein A expires (which is, by far, 
the moſt conſiderable), it is evident that the part herds 
which depends upon the chance of his coming into 
poſſeſſion at the end of any propoſed year, is com- 
pounded of the probability of his being then alive, and 
that of A's dying within the compaſs of the ſame 
year (allowing alſo for the diſcompt of money to 
that time), | 38 a 

Hence the expectation on the propoſed ſum &, on 
the. contingency of receiving it at the end of 1, 2, 3, 


4, Sc. years, will be expreſſed by r 
| ; * 


In the ſame manner, the expectation, on the 


years, will be 


3 — 1 5 — * Py * 

the aggregate of all which values, added to the 

former part of B's expectation (found above) gives 

5% ere eee e, 

2 Fe 26 „2351 

whole value required. Where the ſeries is to be 
„ continued 
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continued to as many terms as there are units in 6, 
the complement of the oldeſt life. 

Now, ſeeing the concluſion here brought out is 
not otherwiſe affected by a than its being a general 
diviſor to the whole, it is evident that the true value 
of the expectation, ſuppoſing b to remain the ſame, will 
be reciprocally as the complement /a of the younger 
life, and therefore, alfo, as the expectation of its du- 
ration, which is the half thereof. But the ſaid value, 
when arb, is in the ſame proportion to the given 

ſum 5, as half the reverſion of an annuity for ever 
after two ſuch equal joint lives, is to the perpetuity 
(Vid. Doe. Ann. p. 76.) Whence' the Reaſon of the 
folution to Prob. 32 is manifeſt. And, by proceding 
according to the very ſame method, the 33d will alſo 
appear conſpicuous. 

But as to the 34th, the exegeſis will be ſomething 
more complex; ſince we mult firft of all determine 
the probability that both A and B will be extinf at the 
end of any number of years, on the contingency of A's 

ung firſt. | 
9 In 9 to which, let @ and 5 be taken as above 
ſpecified; and ſuppoſe that a ſum of money & is to be 
received on the deceaſe of B (whenever that happens) 
provided A is then extinct. 

Now (as before) the probability of receiving the ſum 
S, within the compaſs of any propofed year, -muſt be 
conſidered in two parts, according to the chance of 
one, or both lives, failing in that year, | . 
Thus the probability of receiving it the 2d, 3d, 
or 4th, &c, year, on the contingency of A's being 
dead before the commencement of that year, will 
* 
be defined by r . or * „G 
reſpectively. ä | Fe 

And the probability of receiving it any year, 
on the contigency of both the lives falling within 


that year, will conſtantly be expreſſed by 5? 
2ab | 
| to 
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for as long as they both have a chanee of continuing 


together, | 
Hence the whole probability, depending on the iſt, 


2d, 3d, 4th, Sc. year (by adding : to each of the 


2490 


3 5 
gab 2ab* 246 
22 7 &c. reſpectively : therefore the ſum of all theſe 
* : 
continued to as many terms n) as there are years pro- 
poled, will, evidently, be the true value of the proba- 
bility required. But the ſum of » terms of the ſeries, 
1, 3, 5, 7, Oc. is = : "Therefore the required 


1 2 


values firſt found) appears to be 


probability is alſo truly expreſſed by 


2ab 

But here we muſt not omit to take notice, that 
this concluſion holds only when /») the number 
of years is leſs than the time that A and B have 
a chance of living together: For, if x be greater than 
a, and the age of A at the ſame time exceeds that 
of B; then, beſides the probability of receiving the 
ſum &, in the time /@) during which A hath a chance 
of living, there is a further chance or probability, 
depending on the contingency of receiving it, or of B's 
dying, after the expiration of the ſaid time: which 
(as the life A is then out of the queſtion) will conſe- 


quently be expreſſed by _ 2. And this added to _— , 


found above (by writing a for n) gives , for the 


21 — 4 


2 
true meaſure of the required probability in this cafe, 
where n 1s greater than a. | = 

Now, to apply theſe concluſions to the problem in 
queſtion, let c denote the complement-of the life C: 
then, as the probability of his receiving the rent of 
any propoſed year is compounded of the ee 
of his living till then, and of the probability that both 
and B are extinct, with the reſtriction of A's dying 
firſt {as above determined); it is manifeſt that the 5 U 
value 
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value of his expectations depending on the 1, 2d, 30, 


* 
4th, c. years income, will be expreſſed by — E. 


Nen er ol XESS 
gabe 2abcr3 *© 2abcr* 


and ſo the whole expectation, or the value ſought, 


will be truly exhibited by the following ſeries * 


„ Oc. reſpectively: 


a abe 
1 21 2 Fang BY Ne 
- — — „ „ — 
r 75 13 75 


when C {according to caſe 1 of the ſolution) is _ older : 


- 2 7 
than either A or B; and by „ 
— 3 

23 Xc—2 BP K = B Xxc—=b—t1 ba X = 
FF * 5 


when C is younger than B and older than A [according 
to the former part of caſe 2). | 
But the firſt of theſe two values is known to expreſs 


half the value of the reverſion of the life C after the 
longeſt of the lives A and B. | 


And with regard to the ſecond, it is evident (becauſe 


7 


1 12 X41 27 K c— 2 bB*Xc—b Pxc=d=q 
bbc ” we et T 72 ED Fad + n+ 7 by 


is the value of the reverſion of the 


life C after the longeſt of two equal lives B, B) 
that the true value thercof muſt be equal to that 


of the ſaid reverſion multiplied by 2: Hence the former 
| 2a | 


part of caſe 2? is alſo manifeſt. — As to the latter 
kh it is derived from thence by plain reaſoning. 
or, ſince the abſolute value of the reverſion of the 

life C after the two given lives A and B, may be 
conſidered as compoſed of two parts, depending on the 
chance 
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chance of the older of the two lives ſurviving the 
vounger, and on the chance of the younger's ſurviving 
the older; it is very, eaſy to perceive that, if the 
former of theſe parts be taken from the whole, the 
other part will remain. 

Thus much concerning the ſolution of our 24th 
problem, on which the three ſucceeding ones almoſt 


intirely depend; and thereſore it will be unneceſſary 
to dwell upon them here. | 


The ſolution to the, 38th may however need ſome 
ſort of explanation: In regard to which it is evident, 
that the probability of the expectant's receiving the 
propoſed legacy S) at the end of any particular 
year, is compounded of the probability of his continuing 
alive till then, and that of B's dying within the 
compaſs of the ſaid year, on the contingency of A's 
being extinCt before. Now the laſt of theſe is already 
| found to be — , - 7 +, „Sc. according as the 1ſt, 
2d 2d, &c. year is aſſigned; whence it is plain 
that the expectation, on the contingency of coming 
into poſſeſhon at the end of the firlt, ſecond, third, &', 


will be ee TRAA 


year, 


2abcr , 2abcr* * 

S — Sc. reſpectively; 
and, conſequently that the ſum of all theſe, or - Ck 
33 2 0 2 bac 


— — 


— — — 


— — 


L 
a = + De. 


I X&—1 3 Xc—2 
2 — 4x4 — — 


7 * T 


will be the whole value required. | 
But this ſeries may be divided into two others, 


_— — 


Rei 23Xc=3 3X3. 464 


2. — — — —— Ic. | 
vi 2 * + 2 + " + = Ws 

—S ci. c=2 3  c=4 , c=5 
ans SEE — — — — — — Oe. 
R 


2 And 


* 


\ 
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And the former of thoſę may be again reſolved 


S e=1 e=2,, 3 


* 8c 4 6420 

into — Xx — — 2 Oe. 
4 cr * c T ers is er“ T cr 2 
8 b—1Xc=1 b— 2 „ ll þ — X (= 


a ber 1 ber? | 

whereof the laſt (excluſive of the general multiplicator) 
is known to expreſs the value of the joint lives B and 
C: and the preceding part (or ſeries) is likewiſe 
known to repreſent, either the value of the whole 
live C, or elſe the value of as many years of it as 
are expreſſed by the complement of the oldeſt of the 
lives A and B, according to the different caſes 
ſpecified in the ſolution of the problem : whence the 


reaſon of the whole is apparent, —As to the ſeries 


2abc 


* — — +— &c. whereof no notice is taken 


in the ſolution,, it is ſo ſmall in compariſon of the 
other two, that to have embarraſled the ſolution with 


it would not only have been unneceſſary, but quite 
improper, conſidering the nature of the ſubject; 
where an abſolute exactneſs (for want of knowing the 
preciſe law of the decrements of life) is impoſſible. 


There remain yet three other ſolutions to ſpeak 
of; but as theſe depend intirely on the 38th and 
ſoine of the preceding ones, it will be needleſs to ſay 
any thing further about them in this place. I have 
already been very particular on theſe kinds of problems, 


and the more ſo, as there is no method yet publiſhed. 


(that I know of) by which they can be rightly 


determined. Tis true the manner of proceeding by 


firſt finding the probability of ſurvivorſhip (which 
methad is uſed in my former. work, and which a 
celebrated author on this ſubject has largely inſiſted on 
in three ſucceſſive editions) may be applied to good 
adyantage when the given ages are nearly equal: but 


then, 


* 
6 
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then, it is certain that this is not a genuine way of 
going to work; and that the concluſions hence derived 
are at the beſt but near approximations. The rate 
of intereſt that money bears muſt be compounded with 
the probability of ſurvivorſhip, and the expectation on 
each particular year muſt be determined, in order to 
have a true 2 


I ſhall conclude what T have to ſay on this ſubject 
of annuities with the ſolutions of two or three of the 
moiſt uſeful problems, according to' a method very 
differnt from that whereby they are uſually in- 
veltigated. | 


PROBLEM I. 
To determine the preſent Value of an Eſtate in Land, for 
a ſingle Life A of a given Age, according to the 
Hypotheſis of an uniform decreaſe of the Probability 
of Life 
Let „ denote the rate, p the perpetuity, and a the 
complement of the propoſed life. Moreover let x 
(conſidered as flowing uniformly) be any time elapſed 


from his entering into poſſeſſion : then the preſent 
value of the ExpeCtation on the next ſucceeding 


* 


moment +, will evidently be expreſſed by — X 


xz k Xx * 9 * , I 
=» Or 1ts equal, 2 —— (by putting ==) 


whereof the fluent, when x = a, will conſequently be 
the true value required. | 


But the fluent. of the firſt term 49 ˙*) is found 
1 


-; and that of che ſecond 9 =Lxa==; 
Mt 


2 a Mm 


by Prob. 1, Sec. 6, Vol. 2, of my Doftrine and Appli- 
cation of Fluxions : where nn denotes the Hyperbolical 

Logarithm of 4. 
Theſe 
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Theſe fluents corrected by their conſtant quan- 

üties, become =, and L 24 _ 
m am m am 

which, when x is = a, are expreſſed by _ „ and 


EL. reſpectiyely. The difference of which, or 
21 


— - is conſequently the true value of the 
m a | 


propoſed life. T 


a— 


But 1! (the fluent of +g*), when x becomes 
F-"5 


I 
und 
* 


infinite, will be equal to the perpetuity, that is — 


— — OY 2 RY | — 1 — kk 
( = TT -) p: "whence, m being , 


| P 
the value found above will alſo be expreſſed by p — 
12 ˙ , or its equal 3 2 ; ſuppoſing M to 

a | 


be put for (1—g*xp) the value certain for the 
time as . i 


- I value here brought, it may be obſerved, ex- 


ceeds (— that given in p. 62, by = 


which is owing to the advantage of enjoying an eſtate 
in land (by an actual poſſeſſion to the laff moments 
of life) preferable to an annuity, where no regard is 
had to the time elapſed from the laſt yearly-payment 
to the dropping of the propoſed life, 


PROBLEM 


for ſingle and joint LIVEs. 7 
' PROBLEM II. 


To determine the Value 14 an Eſtate in Land, to continue 


during the joint Exiſtence of any Number of aſigned 


Lives, A, B, C, D, &c. according ta the aforeſaid 
Hypotheſts. 


Let the complements of the propoſed lives, A, B, 


C, D, Sc. be denoted by a, b, c, d, &c. reſpeCtively z. 


then ſuppoſing other things to remain as in the pre- 
ceding problem, the value of the expectation on the 


moment # will here be expreſſed by 1 WEIS 
a | * 

d- & x . x x x 

fc. „, or its equal, I=—X1——Xi-—= 

X & | 9p q 9 a 7 7 


Sc. . Which, if the fum of all the quantities 


, EL , Oc. be put Sa; the ſum of all their 
4 C 


_ rectangles g; the ſum of all their ſolids =y, Se. 
will be reduced to K = ge - 42 
TA, Oe. | 

Whereof the fluent (by the problem above quoted) will be 


found = L into 1a * - EN 22 
2 2 -av® 


n ien, n 
m . 


m* ms | 
is = 0, becomes =—+ ne . 
C m m m m m 


Hence the corrected fluent (by ſubtracting this laſt 
expreſſion, and writing p, initead of its equal — 


—) will come out p ap- + 28p3 —byp*+ 2495, Sc. 


9 into 1 —=2Xx+þ+6 * * +2 xp + 2þp*= 
ee which, by taking x 
| equal 


w © 
a 
— — 
— — — — — - — _- — — —— — ——ẽ— 


— — — 
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equal to the complement of the oldeſt life, gives the 
true value required. 

When all the lives are equal, the concluſion will 
become much more {imple : for the fluxion above given, 
by making z=a=x ((x c , &c.) will be 


Þ $A |} 
here transformed to 


Whoſe fluent, ſuppoſing 


1 


m to denote the hyperbolical logarithm of 7, . ap- 


17 1 1. 1 — I. 2 
Xxx — 
mar | m mms 


Which, when x= ©, or x = a, becomes — 


_ e. 


. 


f X 
ma 


— 


2 4 1 2 2 1. 422 892 


- + 
m — 


a2 — But when x = a, 


or 2 = o, it becomes — into, er 


g mar“ youu m 
the difference of which values, or its equal, 
#þ* n. 11. % nan—le 2.5 
PS a? A a3 l 18 
r p"+*, is conſequently the true 


value of all the joint lives: where the ſign of the laſt 
term muſt be negative, or poſitive, according as (n 
the number of lives is even or odd. 


PROBLEM III. 


Suppeſe that a given Sum (S) is to be received as a 

gacy, on the Deceaſe of B, in caſe A is then extind : 
To find its Value in wm ent Money, allowing for that 
CO 


Tf a, B, 4 Sc. be ſuppoſed as in the preceding 
problems, it is eaſy to perceive that the ann on 
the moment # will here be defined by — ** 


Sf 
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Sg, or its equal, = * 2 But the fluent of 1 
(when x=6) is known to expreſs the Difference between 
the value of the life B, and the value ) of an 
annuity certain for þ years (Vid. Prob. x). Whence 


it plainly follows, that © x B, will be the true 
A , 
value ſought; provided B is older than A. 


But, if B be younger than A; then, beſides the 
expectation depending on the chance of his dying within 
the term a) to the end of which A has a poſſibility 
of living, there is a farther expeQation ariſing from the 
probability of B's not dying till after the expiration of 
the ſaid term. Which expectation, with regard to any 
particular moment + (as A is here out of the queſtion) 


will be repreſented by *. Whoſe fluent (gene- 


rated while x is increaſed from à to b) is expreſſed by 


_ drawn into the preſent value ) of an annuity 
certain for the time (þ—a) which B has a chance of 


living after the greateſt limit of A's duration. This, 


therefore, added to 7 x N— 4 (found as above, by 


| changing à for 5, A for B, and N for A gives > 


LY 


N+/Y= A. for the whole value of the expectation 
in this caſe. But (M) the value of an annuity certain 
for the time a, with VJ) the value of the reverſion 
thereof for the time þ—a, - after the time à, is con- 
ſequently equal to it's whole value , for the time 


5. Therefore our laſt expreſſion is reduced to FX 


A. From which and the other value found above, 
we have the following general rule. 


K | 'From 
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From the value of an annuity in land, certain for 
as many years as are expreſſed by the complement of 
B's age, ſubtract the value of the oldeſt life (be it 
which it will) then ſay, -as the complement of the 
. life, is to the remainder, ſo is the propoſed 
um to its required value in preſent money. 


PROBLEM IV. 


Q and his Heirs are intitled io an Eflate of a given Value 
on the Deceaſe 9 C, in Caſe B ſurvives A, and is 
himſelf ſurvived by C. To determine the preſent Value 
of Q's Expeclation. ; 


Here the expectation on the moment + depends on 
the probability of C's dying in that moment, and on 
the probability that both A and B are before. extinct, 
with the further reſtriction of A's dropping firſt. 

In order to determine the latter of theſe, it will be 


proper to obſerve, from the laſt problem, that, as - 
a 


denotes the probability of the expectant's receiving the 
ſum & in the moment +, ſo ( __ ) the fluent thereof 


2a 
muſt conſequently expreſs the probability of receiving 
it during the interval x; which is evidently the 
probability here required. Hence it follows that the 
expeCtation on the moment æ, in the preſent caſe, is truly 


+ x? 8 Sq 
defined by A Sq". Whole fluent, 2abcm 


2 


. properly corrected, will conſequently 


be the true value of Q's expectation. 


2.x 
xX*——+ 
m 


After the ſame manner the value ſought, in more 
complicated cafes, may be determined. | ſhall here 
put down a general theorem for finding the value 
of an annuity, granted upon any number 6 o 
aſſigned lives, A, B, C, D, Sc. but fo, as to continue 

| . only? 
f 2 
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only, as long as a given number /m) of them are 
in being. : 

Let © be/the value of all the joint lives, A, B, C, &c. 
that is, the value of an annuity, for as long as 
they all continue in being together; alſo let & be 
the ſum of the values of all the joint lives that can 
ariſe, by combining A, B, C, Sc. ſo as to leave 
out one life at each combination; and & the ſum 
of all the joint lives that can ariſe by combining 
the ſame, ſo as to leave out two lives at each 
combination, Sc. Sc. | 

Then will the value of the purchaſe be truly ex- 
preſſed by * (1 — mJ) X „ 

3 1 


e 2 


(1 m1) xXx R475 x——IxZZ3(n—m—2) 
Gly 2 3 


n—3,2=4 
2 3 | 
* xD x5  (a=—m—3) x T; Oc. 
Where the upper or the lower ſigns obtain, according 
as n m is an even or an odd number; d where 
the quantities between the hooks, expreſs the number 
of the preceding faCtors to be taken; with regard to 
which it is to be obſerved, that in the laſt term, where 
the number of factors becomes = ©, an unit mult 
be taken. a 55 
This theorem (which is ſtrictly true according to 
any law of the decrements of life) is the ſame in 
effect with that given at p. 26, of my Doctrine of 
Annuities, but rather more commodious, — Nevertheleſs, 
as the trouble of computing the values Q, R, 8, &c. 
will ſtill be very great, when ſeveral lives are concerned, 
the following approximation for the value of the 
longeſt life (as the annuity is uſually held thereon) 
will alſo be found of uſe. 
Let a, b, c, d, e, f. &c. expreſs the values of any num- 
ber of ſingle lives; of which values let à be the greateſt, 
b the next, and ſoon; alſo let m denote the intereſt and 
eight tenths of the intereſt of one pound for one year: 
K 2 | then 
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then will the value of all the lives be nearly = a + 

2 —mb x b2 . OREN . 
44 gab 160 2,abcd : 

Which theorem, in that caſe-where all the lives are 


equal, will become much more ſimple, being then 
reducible to | ; 


a+2=-ma X 4 X I+3+3 + tc. Where as 
many terms of the ſeries 4+ 3 + 16> c. are to be 


taken, as are expreſſed by the number of the lives, 
leſs one, 


of 


4989 


Of INTEREST and ANNUITIES. 


| Intereſt may he either ſimple or compound; ſimple 
intereſt is that which is paid for the loan of any princi- 
pal, or ſum of money, lent out for ſome limited time, 
at a certain rate per Cent. agreed upon between the 
borrower and the lender, W is always proportional 
to the time. Thus, if the rate agreed upon 
4 per Cent. per Annum, or, which is the ſame, if the 
intereſt of 100/. for one year be 4/. then the fimple 
intereſt of the ſame ſum for two years, will be 8“. for 
three years 12/. for 4 years 161. and ſo on for any 
- other time in proportion. 

Compound intereſt 3s that which ariſes by leaving the 
ſimple intereſt of any ſum of money, after it becomes 
due, together with the principal, in the hands of the 
borrower, and thereby converting the whole into a new 
principal. Thus, he who lets out tool. for one year, 
at the rate of 4 per Cent. has a right to receive 1040. at 
the year's end; which ſum he may leave in the bor- 
rower's hands a, ſecond year as a new principal, in 
order to receive intereſt for the whole ; and this intereſt 
(which will be found 4/. 35. 244.) together with 41. 
the intereſt of the firſt principal, for the firſt year, 
will be the compound intereſt of 100/. for two years : 
and ſo on, for any greater number of years. But I 
ſhall firſt give the inveſtigation of the theorems for 
fimple intereſt. | 
Let the rate per Cent. or the intereſt of 1007. for one 
year r; the months, weeks, or days in one year 
= 7; the months, weeks, or days which any ſum, &, is 
lent out for n; and the amount of that ſum, in the 
ſaid time, v:z. principal and intereſt, = 5. 

Then it will be as 100 is to y (the intereſt of 1007.) fo 


is the propoſed ſum /a) to — the intereſt of that ſumy 


for the ſame time. Again, as 7, the time in which 
WE g the 


% 
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the ſaid intereſt is produced, is to n (the time propoſed) ſo ĩs 


, the intereſt in the former of theſe times, to 


10 100 
that in the latter; which added to a, the principal, gives 


anr 


a + 
888 


= (the whole amount): from whence, we 


OO 


3. * ; 
alſo have a = 1 5 y 20x — ff and n = 
Io ur 2 an 


IOOtXb=-a 


ar 
will appear by the following examples. 


Tramp. 1. What is the amount of ggol. at 4 per 
Cent. in ſeven months ? 


In this caſe we have a=550, r=4, t=12, n=7 ; 
— DAS. CLOXTXA __ 
I IT 100 X 12 e 


or 562 J. 16s. 8 d. the true value ſought. 


Examp. 2. What is the intereſt of 1/. for one day, at 
the rate of 5 per Cent. ? 
Here r being =5, 12365, a=1, and , we 
anr 


have eee HEE l = O. 0001 36986 3» Wc. 


100 100 X 365 100 X 73 
= the decimal parts of a pound required. 


Exemp. 3. What ſum, in ready money, is equivalent 
to 600 J. due nine months hence, allowing 5 per Cent. 
diſcount ? | 
Here r being =5, tz, n=, and B Oo, we 
too x GO % _ 
have @ (by Theorem 2) = I TE IHR 
or 578ʃ. 6s. 334. which is the value required. 


Examp. 4. At what rate of intereſt will 200/. in 
fifteen months, amount to, or raiſe a ſtock of 3307. ? 
In this cafe we have given f= 12, 2=15, a= 309% 
and 5 = 330; whence (by Theorem 3) r will come out 
ioo x ia * 30 % | i 
=— 2,=8; therefore 8 per Cent. is the rate 
RIS 


required. 


: the uſe of which equations, or theorems, 


and conſequently 4 + 


Examp. 
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Examp. 5. In how many days will 36 57. at the rate 
of 4 per Cent. amount to, or raife a ſtock of 4001.7 


Here {by Theorem 4) we have n= $00X 205 X55 
305 X4 


= 875 = the number of days required. 


Of Annuities or Penfions in arrear, computed at 


ſimple Intereſt. 


Annuities or penſions in arrear are ſuch, which 
being payable or becoming due yearly, remain unpaid 
any number of years: and we are to compute what all 
thoſe payments will amount to, allowing ſimple intereſt 
for their forbearance, from the time each particular 
payment becomes due; in order to which, | 

A = the annuity, penſion, or yearly rent. 
I the time, or number of years, it is forborn. 

r = the intereſt of 1. for one year. 6 

m = the amount of the annuity and its intereſt. 

Then, as 1:r:: A: 7A, the intereſt of the propoſed 
ſum or penſion A for one year; which, as the laſt year's 
rent but one is forborn only one year, will expreſs the 
whole intereſt of that rent, or payment : moreover, ſince 
the laſt year's rent but two is forborn two years, its 
intereſt will be 2rA : and, in the ſame manner, that of 
the laſt year's rent but three, will appear to be 35A, &c. 
&c. whence it is manifeſt that the ſum total of all theſe, 
or the whole intereſt to be received at the expiration of 
2 years, for the forbearance of the propoſed annuity or 
penſion, will be truly defined by the arithmetical pro- 


greſſion A + 2rA + 3A ＋ AA rA c. continued 


to 1 I terms, that is, to as many terms as there are 
years, excepting the laſt. But the ſum of this pro- 


greſſion is equal to nx — . * A (by Theor. 4. See. 10.) 


2 


Therefore, if to this, the aggregate of all the rents, or- 
| nA, be added, we ſhall have nA + KAN: 


- 
* 


X | _ whence 
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whence wo alſo have 4 
| | n+ * X EDO 
— 2 
| 22 — 22A | * 
* I * A | Wy Se 
I I | 

= — — 
N 


Examp. 1. If Gool. yearly rent or penſion; be 
forborn five years, what will it amount to, allowing 

4 per Cent. intereſt for each payment; trom the uma it 
becomes due ? 

Here we have A dro A = 600, n= 5, and 7 = 404 
(for as 100: 4: : x : .04) which THOR Fan in 


* 1. give m = (nA+2n * — Ar= 3000+ 


240) = : 22401. for the value that was 10 be found. 


Examp. 2. What annuity or yearly penſion, being 
forborn five years, will, in that time, amount to, or 
raiſe a ſtock of 3240l. at 4 per Cent. intereſt? ; 

In this caſe we have given 1 5, r = 04, and m = = 


3249, and therefore, by Theorem 2, A (== = 


"+Hn * -I x 
= IF) OO which i is the annuity required. 

Examp. 3. At what rate of intereſt will an annuity. 
of gear in ſeven years, raiſe a ſtock of 4508 J.“) 


this cafe we have given A = 560, n= 7 53hil = = 
4598; ; whence (by Theor. 3) we have r (= 21 — 2 A 


2X1 x A 
e 25 = 05 = = the intereſt of 11. for one 
* a 


Fours therefore it. will be as 1: 055 100 5 (per 
.) the rate required. = 


Examp. 4. How long muſt an \ annuity of 560 J. be 


. to raiſe a Rock of 4508 /. ſuppoſing. intereſt 
do be 5 ber Cent 5 


— 


Here, 


Of INTERESTH and Annvirties. 81 


Here we have given A= 560, . og, n = 4508 ; 
whence, by Theorem 4, we alſo have þ (==——) 


mm 


=19.5; and conſequently u 1 » + —p)=7 3 


which is the number required. 

Note. If the rent or penſion, is payable half-yearly, 
or quarterly, the method of proceeding will be i the 
ſame, provided n be always taken to expreſs the number 
of payments, and y the intereſt of 1 J. for the time 
in which the firſt payment becomes due, Thus, if it 
were required to find what 300 J. half-yearly penſion 
would amount to in five years at 4 per Cent. intereſt: 
then the ſimple intereſt of 1 J. for half a year being 
= , Oz, and the number of payments = 10, we, in 
this caſe have A = 300, r=,02, and n= 10; and 


conſequently mm (by T heorem I) =rA+n * 7 A 
= 32701. which is the value ſought. And the like is 
to be obſerved in what follows hereafter. 


Of the preſent values of Annuities, or Penſions, 
| computed at fimple intereſt. 


A = the annuity, penſion, or yearly rent. 
14 Eos the intereſt of 1/. for one year. 
5 1x the number of years. 
V = the preſent value of the annuity. | 
Then, becauſe the amount of the annuity, in = years, 


is found above to be x -þInn—1.rA, and ſince 
1/. preſent 3 is equivalent to u to be re- 
ceived at the end of the time , we therefore have 
1+n#r:1::nA+{n.n—1i.rA (the ſaid amount) 
"A me re: its required value, in preſent. 
1 + ar 8 


money. But it may be obſerved, that this method, given 
by authors for determining the values of annuities, 
according to ſimple intereſt 12 7 reality a particular ſort, 

| 8 | | on 


2 
* 


: 


* 
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or ſpecies of compound intereſt: ſince the allowing of 
intereſt upon the annuity as it becomes due, is nothing 
leſs than allowing intereſt upon intereſt; the annuity 
itſelf being properly the ſimple intereſt, and the capital 
from whence it ariſes the principal. It is true the ſum 

1 + ur, expreſſing the amount of 1/. is given, ſtrictly 

ſpeaking, according to /imple intereſt :* but the concluſion 
(as a late author (*) very juſtly obſerves). would be 
more congruous, and anſwer better, were the ſame 
allowances to be made therein, as are made in finding the 
amount of the annuity; that is, were intereſt upon. 
intereſt to be taken once and no more. Agreeable to this 
aſſumption, , the intereſt of 1 J. being conſidered as an 

annuity,. its amount in » years (by writing r for A, in 
the general formula above) will be given = ur + 
In.n—1.r*: to which the principal 11. being added, 


the aggregate 14+»r + In.n—1.7* will therefore 
be the whole amount of 11. in the time n; and ſo we. 
ſhall have 1 +zr TZ . 72: 11: 2A 42 
„A ee 

2 2A T. 2— 1. 7 * 3 
value of the annuity, according to the ſaid hypotheſis. 
From which equation others may be derived, by means 
whereof the different values of A, a, and. 7 may be 
ſucceſſively determined. But, as this method of 
allowing intereſt upon intereſt, once and no more, is 
arbitrary, and the valuation of annuities, according to 
ſimple intereſt, a matter of more ſpeculation than real 
uſe, it being not only cuſtomary, buc alſo moſt equitable 
to allow compound- intereſt in theſe caſes, I ſhall not 
ſtay to exemplify it, but proceed to 


The Reſolution of the various caſes of compound intereſts" 
and of Annuities, as depending thereon. . 


= v, the true 


a 


es 48 7 amount of 11. in one year, viz. prin- 
Let » 41. ' cCipal and intereſt. #1 0 9 & bow . it : bs ö 4 L 50 
210 P any ſum put out at intereſt. audannt 2 
52/1051 5 7 


0 * 
40 "SITY £3131 SILK 10 ub. Let 


" 
* 
— 


© # 


ant) * Mr. Hardy in bis Annaities, - 


4 — 
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the number of years it is lent for. 
its amount in that time. 

any annuity forborn u years. 

its amount. 


| , the preſent value of the annuity for the 
ſame time. Ys pe 


Let 


. 


« 2 >a x; 


Wan 


Therefore, ſince one pound put out at intereſt in the 
firſt year is increaſed to R, it will he as 1 to R, ſo is R, 
the ſum forborn the ſecond year, to Ra, the amount of — 
one pound in two years; and therefore as i to R, ſo is [| 
Re, the ſum forborn the third year, to R3, the amount 

in three years: whence it appears that Rz, or R raiſed. | 
to the power whoſe exponent is the number of years, | 
will be the amount of one pound in thoſe years. But a 
as II. is to its amount Ra, ſo is P to /a) its amount in 
the ſame time; whence we have P x R»=a. 1 More- 
oyer, becauſe. the amount of one pound in » years is 
Re, its increaſe in that time will be R. - 1; but its 
intereſt for one ſingle year, or the annuity anſwering to 
that increaſe, is R—1, therefore as R —1 to R —1, 


4 e 

' fois A to m. Hence we get — D AN: Fur- 
thermore, ſince it appears that one pound, ready money, + 
is equivalent to Rn, to be received at the expiration of 

- (the ſum 


1 
N 
F 
| 
1 


* 


NW 0 
- 


R=1 NETS oy 
in arrear). to v, its worth in ready money; and there- a 


» years, we have, as R. to 1, ſo is 


. 


AK 200 = 
fore nin e 191 | Y 4 CY T-IG ROI) 9 „ 
From which three original equations, others may be 
derived, by help whereot the various queſtions relating 
to compound intereſt; annuities, in arrear, and the pre- 
fent values of annuities may be reſolved. | 


2 ů — 


RY 
1 0 — — -S 935 — „ ——- = 
- ——— — * rn 1 * 
” * ” . . 0 4 U 
* * — 4 * 1 = Ll * — — 3 
. 1 4 Tz - = . 
* - — 
x 
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Thys, becauſe PR“ is = a, ther will come out P= 
a) 


rand R Res ar, by exhibiting the ſame __ 


—_—_ Pj | 


equations in logarithins (which is the moſt eaſy for 


practice) we ſhall have 


15 Log. Eo P +n „ log. R. 
22 Log. P log. @ — n x log. R. 


32 Log: "BY log. a— log. H : 155 


0 ' bo 
A = —— — —s 
Mic? N. 


Which ſour theorems, or equations, ſerve for the ; 


four caſes in compound intereſt. 


Again, ſince m is = 2A tw ons We ſhall have 


1? Log. m = log. A+ log. R*n—1—log. Re 2, 
22 Log. A = log. m — log. R. log. . 
2 m+A—log. A | | 


EZ * log. R. 
* R. — TA —1 = Os 


To which the various queſtions relating to annuitiey 


in arrear are referred. 
1 


- 
 G_ — 


Moreover, Ting A, * K : 


Rn . | 
is U, we then ce Cond 


. ; " ; 


22 Log: 52 log. 


— — —— 


is 


4 
„ log. A— log. , rA 1, r 
a ER n= * | 
, | log. R. 4 15 ne of Sp 1898 
A. 1 Dios f N „ 
2 RA R II 
4 5 ＋ 1 "1 Oy = P3VE0O W 212 


The 


The uſe of which theorems A the preſent 
values of annuities, as well as of the preceding ones 


for compound intereſt and annuities in arrear, will 


fully appear from the following examples. 


Examp. 1. To find the amount of 575. in ſeven years . 


at four per cent. per annum, compound intereſt. 


In this caſe we have given P = 575, R = 1,04, and 


n 27; therefore, by Theorem 1, log. a= log. 575 +- 


log. 1,04 = 2, 8789011; and conſequently 42 = 
756,66, or 750/. 138. 244. the value required. 


Examp. 2. What principal put to intereſt, will raiſe 
a ſtack of 10007. in fifteen years, at 5p per Cent ? | 
Here, we have given R = 1,05, n= 15, and a= 


1000; therefore, by Theorem 2, log. P =log. 1000 —- 15 


log. 1,05=2,6321605; and coniequently P— —481,02, 
or 4811. os. 434. the value ſought. 


Examp. 3 In how long time will 5757. raiſe a Rock 
of 7561. 135. 224, at 4 per Cent? 
In this caſe we have R = 1,04, P = 555, and @ = 


_ 66; whence, by Theor. 4, n = log. 7 756.065 —log- 575 
ae 1,04 


= 3. the number of years required, 


Examp. 4. To find at what rate vf intereſt 4811. in 
fifteen years, Will raiſe a ſtock of 10co!/. 


Here we have given P=481, a=10c0, and n=1 'F 
theretore, by Theorem 2, log. R = 1 Log: =o 
| 77 
= . 021 190g, whence R = 1, 05; er s per 
Cent. is the rate required. K 40 
The four laſt examples relate to the aſia in com- 


pound intereſt; the four next are upon the forbearance 
of annuities. 


Examp. 1. If 50l. yearly rent, or annuity, be forborn 
ſeven years, what will it amount to, at 4 per Cent. per 
Annum, compound intereſt? 

rs we have R= t. A= 50, * 1 2 7 and 

* | therefore, 
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therefore, e, by? T heor. 1, 152. m (log. A +1og. N 1 


— log. R — 1) = log. 50 + log. 1,54 — 1, — log. 04 
= 1 590597 3 ; and conpayently m = 395/. the value 
that was to de found. 


Examp. 2. What n forborn ſeven years, will 


amount to, or raiſe a ſtock of 395. at 4 per Cent. com- 
pound intereſt ? 


In this caſe we have — R = ee n=7, and 
m = 395; whence, by Theorem 2, log, A ( log. en 


wt ils, 7 leg. 
— log. 1 + log. 1) = log. 395 — log. 


1. 047 — 1 J log. ,04 = 1,6989700; and conlequent!y : 
A Fol. which is the annuity required. 


Examp. 3. In how long time will 5ol. annuity raiſe 


2 ftock of 3957 at 4 per Cent. per Any, oo 
intereſt, 


Here, we have R=1,04, / A = 50, ”m = 395 
therefore, by T heor. im (= log. a ans Ie 


log. R 
—27.192559 = », the number of ears required. 
30170333 1 


Examp. 4. If 1201. annuity, forborn eight years, 
2mounts to, or raifes a ſtock of 1200l. what is the rate 
of intereſt? : 

In this caſe we have given » 8, A = 120, and m 
=1200, to find R; therefore, by Theorem 4, we have 
RS —10R +9 o; from which, by any of the me- 
thods in Sect. 13, (*) the required value of R will be 
found = 1, 00287; therefore the rate 15 6,287, or 
60. F gd. per Cent. per Annum. 

he ſolution of the laſt caſe, * ** eat; is re- 
quired, being a little troubleſome, 1 ſhall here put down 
an approximation (derived from the third general 
Formula, at p. 165 (*) which will be found to anſwer 
near the truth, provided ry number of Jears' by pat | 
very greezete. 


(*) Treatiſe of Algebra, 


-— 


* 
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Let Q = . chen will 


| 2. m=n A | 0 30 — 
+ .-- 2 g000Q. + 2n — 1. 400 3 1 de rite 


6Q.5Q+ 30 =4+4-7 —2-11n — 13. ok 
per Cent. required. 2 


— 
mY 


Thus, or example, let 1 =8, A= 120, and * 


1200 then will Q = —_— = 14, and the rate itſelf 
42000 + 6000 | . 
14 & 90 + 5 
The preceding examples explain the Arend caſes 


of annuities in arrear ; in the following ones the rules 
for the valuation of annuities are illuſtrated. 


"Examp. 1. To find the preſent value of 1000. arinvity,: 


to continue ſeven years, as. 4 af Cent, per Am 
compound intereſt. 


Here, we have given R=1,04 3 and n=; 
and therefore, by Theorem 1x, log. v ( log. A 


= 6. 287, as above. 


log. AT R—1) = log. 100 + log.- 


$ 


e — log. ,04 = 2, 778296; and conſequently 
,04 


v = 600,2 = 600/. 45. which is the value that was to 5 


be found. 


Examp. 2. What annuity, or yearly i income, to con- 


tine 20 Vears, may be Win for 10001. at 31 per 


Cent 9, | 
In this caſe, R = = 1,035, * 20, v = 1000; 
whence, 2 Theorem 2, we mew dog. A (= log. v 


+ log, R — — 1 — log: 1 — ) = 1.847336; and 
ponſequently A 2 70,36, or Not 75. 24. 5 "a * We 
Exanp. iS 7 how Jeng! timg may one, wich bob.” 


purcl aſe an annuity of 100l. at 4 per Cent. FTA 


va, x 
. 


0 — —— — cpa — 
ag hs 
. 
-v- 7 - * 
43 __— 

\ * 0 1 * 

4 « 

* „ Sg 2 — 
. . * " . * 
v* ? 
\ - & % * o ” 
= 


A Rr ˙¹‚ l At ET _—_ — 


——— . 1 ˙ _—_——_—_—_ 
r mw TRI CP —_—_— 
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In this example we have R = 1,04, A= 100, and 
wy = 600; and therefore, by Theorem 23, n ( = 
beg. A — log. ATU = R | 
| log. R 8 * « 

years required. F200 


- Examp» 4. To determine at what rate of intereſt, an 
annuity of 5c/. to continue 10 years, may be pur- 
chaſed for 400l. | 


Here A = 50, n= 10, and v = 400; whence by 
Theorem 4, Reb: —D + I X R* + A being = o, we 
12 | 


have RI — 1, 125 Rio + ,125=0; which equation 
reſolved, gives the required value of R = 1, 042775 


and conſequently the rate of intereſt, 4,277 51. per 
Annum. 


The ſolution of this laſt caſe being ſomewhat tedious, 
the following approximation (which will be found to 
anſwer very near the truth when the number of years 


is net very large) may be of uſe. A 
Hs 11 + 1 A / 2 X {4} , 
Aſſume Q= : ſo ſhall '7 ee 
2 u A2 : WON = my 
| „ * Os =, 4 
3000 Q- 22 ＋ 1 Xx 400 CR. 1 4 
* S — — expres the 
Ss — 32 —- 415. ＋T 2. 112 + 13 | 


Tate per Cent. very nearly. 


Thus, for example, let A (as above) be = 50, 


n 10, and = 400; then, Q being = 1217. £52 
| 22 VL 2 * 1000 - 800 


82500 — 3400 
h — ; 
== 27,5, we have D or 9775 for 


the rate, per Cent. the ſame as before. 


T INK 
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Page 19, line 10, in notes, from bottom, for P. 2, read P. 6. 
23, 1, for pag. b, read pag. 10, - | 
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